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Chapter 1

Sobolev Spaces

This chapter is devoted to developing function spaces that are used in the variational formulation of
differential equations. We begin with a review of Lebesgue integration theory, upon which our notion of
“variational” or “weak” derivative rests. Functions with such “generalized” derivatives make up the spaces
commonly referred to as Sobolev spaces. We develop only a small fraction of the known theory for these

spaces—just enough to establish a foundation for the finite element method.

1.1 Review of Lebesgue Integration Theory

We will now review the basic concepts of Lebesgue integration theory, cf. (Halmos 1991), (Royden 1988)
or (Rudin 1987). By “domain” we mean a Lebesgue-measurable (usually either open or closed) subset of

R™ with non-empty interior. We restrict our attention for simplicity to real-valued functions, f, on a given

/Qf(x)dx

we denote the Lebesgue integral of f (dz denotes Lebesgue measure). For 1 < p < oo, let

1/p
[ fllLr o) = (/Q f(:c)|”dq;) ,

| fllLee () := ess sup {|f(z)] : € Q}.

domain, €2, that are Lebesgue measurable; by

and for the case p = oo set

In either case, we define the Lebesgue spaces
LP(Q) = A{f : [|fllLr(q) < 0o} (1.1.1)

To avoid trivial differences between functions, we identify two functions, f and g, that satisfy || f —gl|L»() = 0.

For example, take n =1, Q = [-1,1] and

1 >0 1 >0
flz):= and g¢(z):= (1.1.2)
0 <0 0 <0



Since f and g differ only on a set of measure zero (one point, in this case), we view them as representing the
same function. With a small ambiguity of notation, we then think of LP(f2) as a set of equivalence classes
4/ FKof functions with respect to this identification. There are some famous (and useful) inequalities that
hold for the functionals defined above:

Minkowski’s Inequality For 1 <p<oo and f,g€ LP(2), we have

1f + 9llzr) < 1 fllLe@) + l9llze - (1.1.3)

Holder’s Inequality For 1 <p,qg < oo suchthat 1=1/p+1/q, if fe LP(Q) and g € LI(Q),
then fg € L'(Q2) and

1fgllzr @) < 1 Fllr@llgllze)- (1.1.4)

Schwarz’ Inequality This is simply Holder’s inequality in the special case p =g =2, viz. if f,g €
L?(Q) then fge€ L'(Q) and

/Qlf(l?)g(x)ldx < flliz2@llglizz(o)- (1.1.5)

In view of Minkowski’s inequality and the definitions of || - || z» (), the space LP(Q) is closed under linear
combinations, i.e., it is a linear (or vector) space. Moreover, the functionals | - || 1»() have properties that

classify them as norms.

Definition 1.1.1 (1.1.6) Given a linear (vector) space V', a norm, ||-||, is a function on V with values

in the non-negative reals having the following properties:

i) v >0 YveV
lv] =0 <= v=0
i) |le vl =le - |lvl VeeRweV, and
iii) v+ w| <[]+ |lw|]] Yv,w eV (the triangle inequality).
A norm, |||, can be used to define a notion of distance, or metric, d(v, w) = |jv — w|| for points v,w € V.
A vector space endowed with the topology induced by this metric is called a normed linear space. Recall
that a metric space, V, is called complete if every Cauchy sequence {v;} of elements of V has a limit
v € V. For a normed linear space, a Cauchy sequence is one such that |v; — v|| = 0 as j,k — oo, and

completeness means that ||[v —v;|| — 0 as j — co. The following definition encapsulates some key features of

linear spaces of infinite dimensions needed for theoretical development.

Definition 1.1.2 (1.1.7) A normed linear space (V.|| -||) is called a Banach space if it is complete with

respect to the metric induced by the norm, | -||.
Theorem 1.1.3 (1.1.8) For 1 <p <oo, LP(Q) is a Banach space.

This theorem (whose proof may be found in the references at the beginning of this section) is a cornerstone
of Lebesgue integration theory. Note that it incorporates both Minkowski’s inequality and a limit theorem
for the Lebesgue integral; that is, if f; — f in LP(Q) then (cf. exercise 1.x.3)

/|fj(x)|pdx—>/ |f(z)|Pdz as j — oo. (1.1.9)
Q Q



However, Holder’s inequality and more subtle limit theorems are not reflected in this characterization of the
Lebesgue spaces.

A key reason that the Lebesgue integral is preferred over the Riemann integral is the
aspect of “completeness” that it enjoys, i.e., that appropriate limits of integrable functions are

integrable, a property that the Riemann integral does not have.

Example 1.1.4 For example, we can easily evaluate an improper integral to determine that the function
logx has a finite integral on any finite interval of the form [0,a]. Correspondingly, if {r, :n =1,2,...} is
dense in the interval [0,1], then the functions
J
fi(z) = Z 27" log |z — rp (1.1.10)

n=1

all have tmproper integrals, and one easily sees that

1 1
’/ filw)dz| < 2/ log |z — ry|dz. (1.1.11)
0 0
Therefore, the “limit” function
fa) = 2""loglx -, (1.1.12)
n=1

should have a finite “integral” on [0, 1], again satisfying

/01 flx)dx

Lebesqueds #l &2 3 However, f is infinite at some point in any open sub-interval of [0,1] and so it is

1
< 2/ | log z|dz. (1.1.13)
0

not Riemann integrable on any sub-interval of [0,1]. Thus, it is not possible, even via “improper” Riemann
integrals, to determine if f has a finite integral. On the other hand, one can show (see exercise 1.x.6) that it
is Lebesgue integrable and that (1.1.13) holds.

1.2 Generalized (Weak) Derivatives

There are several definitions of derivative that are useful in different situations. The “calculus” definition,

viz. (1 1) ()
. u(x —u(z

wle) = Jimy ==

is a “local” definition, involving information about the function uw only near the point x. The variational
formulation developed in Chapter 0 takes a more global view, because pointwise values of derivatives are
not needed; only derivatives that can be interpreted as functions in the Lebesgue space L%() occur. In
the previous section, we have seen that pointwise values of functions in Lebesgue spaces are irrelevant (cf.
(1.1.2)); a function in one of these spaces is determined only by its global behavior. Thus, it is natural
to develop a global notion of derivative more suited to the Lebesgue spaces. We do so using
a “duality” technique, defining derivatives for a class of not-so-smooth functions (see Definition

1.2.3) by comparing them with very-very-smooth functions (introduced in Definition 1.2.1).



First, let us introduce some short-hand notation for (calculus) partial derivatives, the multi-index

notation. A multi-index, «, is an n-tuple of non-negative integers, «;. The length of « is given by

n
laf == Z Q.
i=1

For ¢ € C*°, denote by

a (0%
Do, Do, () 6 o and o

' ox

the usual (pointwise) partial derivative
o\ g\

(o) (om)
Given a vector (z1,...,2,), we define z® := a2 - 52 --- 2%, Note that if x is replaced formally by the
symbol % = (a%, ey 8%)’ then this definition of x® is consistent with the previous definition of (%)a.

Note that the order of this derivative is given by |«|.

Next, let us introduce the concept of the support of a function defined on some domain in R™. For a
continuous function, u, this is the closure of the (open) set {z : u(x) # 0}. If this is a compact set (i.e., if
it is bounded) and it is a subset of the interior of a set, €2, then u is said to have “compact support” with
respect to Q. (Outside the support of a function, it is natural to define it to be zero, thus extending it to be

defined on all of R™.) When 2 is a bounded set, it is equivalent to say that « vanishes in a neighborhood of
o09.

Definition 1.2.1 ((1.2.1)) Let Q be a domain in R™. Denote by D(2) or C§°(Q) the set of C°(Q) functions

with compact support in ).

Before proceeding any further, it would be wise to verify that we have not just introduced a vacuous

definition, which we do in the following:
Example 1.2.2 ((1.2.2)) Define

el/(‘w‘Q_l) |x‘ < 1
9(z) = .
0 |x] > 1

We claim that, for any multi-index o, ¢ (z) = Py(2)o(x)/(1 — |z[)I! for some polynomial P, as we
now show. For |x| < 1, we can differentiate and determine, inductively in a, that ¢ (z) = Py (z)e el
for some polynomial Py, where t = 1/(1 — |z|?). Further, ¢®)(z) = 0 for |z| > 1. Thus, the formula
above for ¢\®) is verified in the case |x| # 1. Since the exponential increases faster than any finite power,
& (z)/(1—|z[?)F = Py(x)tloltE et — 0 as x| — 1 (i.e., ast — o) for any integer k. Applying (inductively)
these facts with k = 0 shows that $\®) is continuous at |x| =1, and using k = 1 shows it is also differentiable
there, and has derivative zero. Thus, the claimed formula holds for all x. Moreover, we also see from the
argument that ¢®) is bounded and continuous for all . Thus, ¢ € D(Q) for any open set Q containing the
closed unit ball. By scaling variables appropriately, we see that D(2) # 0 for any Q with non-empty interior.

We now use the space D to extend the notion of pointwise derivative to a class of functions larger than
C*®°. For simplicity, we restrict our notion of derivatives to the following space of functions (see (Schwartz

1957) for a more general definition).



Definition 1.2.3 ((1.2.3)) Given a domain 2, the set of locally integrable functions is denoted by
LL.(Q):={f: fe€L"K) V compact K C interior Q}.

Functions in L}OC(Q) can behave arbitrarily badly near the boundary, e.g., the function

ol/dist(2,09)

€ L} .(Q2), although this aspect is somewhat tangential to our use of the space. One notational

convenience is that L} (Q) contains all of C°(Q2), without growth restrictions. Finally, we come to our

loc

new definition of derivative.
We have L' C L}, ., C° C L} BEEHRH.

loc?

Definition 1.2.4 ((1.2.4)) We say that a given function f € L}, .(Q) has a weak derivative, D2 f, pro-
vided there exists a function g € L} (Q) such that

loc
[ s@@ds = (-1 [ f@)o @de vo € DE)
Q Q

If such a g exists, we define DS f = g.
Example 1.2.5 ((1.2.5)) Taken =1, Q = [-1,1], and f(z) = 1 — |z|. We claim that DL f exists and is
given by

1 <0

g(x) :=
-1 x>0.

To see this, we break the interval [—1,1] into the two parts in which f is smooth, and we integrate by parts.
Let ¢ € D(Y). Then

1 0 1
/_ @) (@)da = / @) (@) + / f(2)¢! (2)de

0
== [ rnotern + folls — [ (Do + fol

—1 0

=~ [ ootz + (FO)0-) - (Fo)0+) FEORE S

—1

[ oty

—1

because f is continuous at 0. One may check (cf. evercise 1.2.10) that D f does not exist for j > 1.

One can see that, roughly speaking, the new definition of derivative is the same as the old one wherever
the function being differentiated is regular enough. In particular, continuity of f in the example was
enough to insure existence of a first-order weak derivative, but not second-order.

This phenomenon depends on the dimension n as well, precluding a simple characterization of

the relation between the calculus and weak derivatives, as the following example shows.

Example 1.2.6 ((1.2.6)) Let p be a smooth function defined for 0 < r <1 satisfying
1
/ lp/ (r)|r"tdr < co.
0
Define f on Q= {x € R : |z| < 1} via f(x) = p(|x]). Then DS f exists for all |a| =1 and is given by

g(x) = p'(Jz)z*/|x|.

The verification of this is left to the reader in exercise 1.z.12.



This example shows that the relationship between the calculus and weak derivatives depends
on dimension. That is, whether a function such as |z|" has a weak derivative depends not only on r but
also on n (cf. exercise 1.x.13). However, the following fact (whose proof is left as an exercise) shows that the

latter is a generalization of the former.

Proposition 1.2.7 ((1.2.7)) Let « be arbitrary and let ¢ € C1®1(Q). Then the weak derivative D21 exists
and is given by D).

As a consequence of this proposition, we ignore the differences in definition of D and D,, from now
on. That is, differentiation symbols will refer to weak derivatives in general, but we will also use classical

properties of derivatives of smooth functions as appropriate.

1.3 Sobolev Norms and Associated Spaces

Using the notion of weak derivative, we can generalize the Lebesgue norms and spaces to include deriva-

tives.

Definition 1.3.1 ((1.3.1)) Let k be a non-negative integer, and let f € L}, (). Suppose that the weak

loc

derivatives DEf exist for all |a| < k. Define the Sobolev norm
1/p

1w = | 32 1D 0

lal<k

in the case 1 < p < oo, and in the case p = o0
= D 0o () -
||fHW§O(Q) gl@iH oSl (Q)
In either case, we define the Sobolev spaces via
WE(Q) = { € Lol ¢ | flwpce) < 00} -

Example 1.3.2 The Sobolev spaces can be related in special cases to other spaces. For example,

recall the Lipschitz norm, Hélder space with Holder index oo = 1,

[f(x) = f(y)

:x,yGQ;w#y},
[z =yl

Ilzitey = ey + s {
and the corresponding space of Lipschitz functions
Lip(Q) = {f € L=(Q) : [If | ipe) < oo} -

Then for all dimensions n, we have Lip(Q) = WL () with equivalent norms, at least under certain conditions
on the domain Q (cf. exercises 1.x.15 and 1.2.14). (Two norms, ||-||1 and |- |2, on a linear space V are said
to be equivalent provided there is a positive constant C' < oo such that |[v||1/C < ||v]l2 < C|v]1 Yv € V.)
Moreover, for k > 1

Wk (Q) = {f e CF1(Q) 1 £ € Lip(Q),V]a| < k — 1} .



Example 1.3.3 In one dimension (n = 1), the space W(Q) can be characterized as the set of absolutely

continuous functions on an interval Q (cf. (Hartman & Mikusinski 1961) and exercises 1.2.17 and 1.2.22).

It is easy to see that || - [lyx (o) is a norm. Thus, WE(€) is by definition a normed lincar space. The

following theorem shows that it is complete.
Theorem 1.3.4 ((1.3.2)) The Sobolev space W} () is a Banach space.

Proof. Let {v;} be a Cauchy sequence with respect to the norm || - ||W5(Q). Since the || - ||W§(Q) norm is just
a combination of | - || z»() norms of weak derivatives, it follows that, for all || < k, {Dgwv;} is a Cauchy
sequence with respect to the norm || - || Lr(q). Thus, Theorem 1.1.8 implies the existence of v* € L?() such
that || DSv; — v ps(0) — 0 as j — oco. In particular, v; — v(®~0 =: v in LP(€2). What remains to check is
that DG v exists and is equal to v®.
First, note that if w; — w in LP(Q2), then for all ¢ € D(2)
/wj(x)(b(x)dx = [ w(x)p(x)dx. (1.3.3)
Q Q

This follows from (1.1.9) and Holder’s inequality:

|lwjd — wollLr) < |lwj —wllLe@)lldllLe@) =0 as j— oo.

Second, to show that Dgv = v®, we must show that

/vo‘qﬁdx = (71)‘°‘|/v¢(a)daj Vo € D(Q).
Q Q

This follows from the definition of the weak derivative, D v;, and two applications of (1.3.3):

/v“d)dx = lim [ (Dgv;)odx
Q

J—0o0 Q

= tim (1)1 [ 00ds = (1)1 [ 0o,

j—roo

where we have used (1.3.3) in the first and last equality. m

There is another potential definition of Sobolev space that could be made. Let H;f (©2) denote the closure
of C*¥(Q) with respect to the Sobolev norm || - [w(0)- In the case p = oo, we have HE = CF, and this is
not the same as WX (Q). Indeed, we have already identified the latter as being related to certain Lipschitz
spaces. However, for 1 < p < oo, it turns out that Hg(ﬂ) = W;," (©). The following result was proved in a
paper (Meyers & Serrin 1964) that is celebrated both for the importance of the result and the brevity of its
title.

Theorem 1.3.5 ((1.3.4)) Let Q be any open set. Then C*°(2) NW[(Q) is dense in W} (Q) for p < co.
For technical reasons it is useful to introduce the following notation for the Sobolev semi-norms.

Definition 1.3.6 ((1.3.7)) For k a non-negative integer and f € W} (Q), let
1/p

|f|W,’;(Q) = Z ||Dgf|‘12p(g)

|| =k

in the case 1 < p < 0o, and in the case p = o0

| flwe @) = max DS flle (-



#MFEHOS1lder space from Evans, Lipschitz% A& HolderfEa = 1T B4R

1.4 Holder spaces

Before turning to Sobolev spaces, we first discuss the simpler H6lder spaces.
Assume U C R" is open and 0 < v < 1. We have previously considered the class of Lipschitz continuous

functions u : U — R, which by definition satisfy the estimate
u(z) —u(y)| < Clz —y| (z,y €U) (1)

for some constant C. Now (1) of course implies u is continuous, and more importantly provides a uniform

modulus of continuity. It turns out to be useful to consider also functions u satisfying a variant of (1), namely
u(@) —u()| < Clz —y|" (z,y €U) (2)
for some constant C'. Such a function is said to be Hélder continuous with exponent ~.
Definition 1.4.1 (i) If u: U — R is bounded and continuous, we write
[ullc@) = sup [u(z)].
zeU
(i) The " -Hélder seminorm of u: U — R is

[u] o) == sup {u(x)_u@)}7

z,yelU |z —y[7
TFy
and the ¥*"-Hélder norm is
lullcon @y = llull oy + [ulcon )
Definition 1.4.2 The Holder space
Ck77(U)

consists of all functions u € C*(U) for which the norm
lullora@y =Y IDulle@y + Y [D*ulcon @ (1.1)
la|<k la|=Fk

18 finite.

So the space C*7(U) consists of those functions u that are k-times continuously differentiable and
whose kt"-partial derivatives are Holder continuous with exponent . Such functions are well-behaved, and

furthermore the space C*:7(U) itself possesses a good mathematical structure:
Theorem 1.4.3 (1) The space of functions C*7(U) is a Banach space.

The proof is left as an exercise (Problem 1), but let us pause here to make clear what is being asserted.
Recall from §D.1 that if X denotes a real linear space, then a mapping || - || : X — [0,00) is called a norm
provided

(1) JJu+v| <|ull + |v| for all u,v € X,



(ii) [[Aul] = |A|||u] for all w € X, A € R,

(iii) |lu|| = 0 if and only if u = 0.
A norm provides us with a notion of convergence: we say a sequence {ug}32, C X converges to u € X,
written up — u, if

lim |Jup —ul| =0.
k— o0

A Banach space is then a normed linear space which is complete, that is, within which each Cauchy
sequence converges.
So in Theorem 1 we are stating that if we take on the linear space C*¥(U) the norm || - || = || - ok @)
defined by (3), then || - || verifies properties (i)-(iii) above, and in addition each Cauchy sequence converges.
#MFEHSlder space from Evans, Lipschitz%[Al72HolderfEa = 1 K40l JRRKCF R B4 =58
1T, TfiHolder space J&A 1 it — 25 %l R F 1 F A0 20, 218 H Schauder estimate o

Example 1.4.4 (1.5) Show that f(x) = 2% for <1 on [0,1] is C%* continuous for 0 < o < 3 but not for
a>pf.

To show that f is C%% continuous for 0 < a < B3, one only needs to check the Hélder continuity at 0.
Away from 0, this function has a derivative so it is definitely Lipschitz, i.e., C%'. By the embedding, it is

also CO® for a < 1. At 2 =0, we have
|27 —07] B
L R
|z — 0]~

—Q

When a < 3, 287 — 0 as x — 0%, so the Hélder condition holds. On the contrary, if o > 3, 2°~* = 0o as

x — 0%, so f is not C%% continuous.

1.5 Inclusion Relations and Sobolev’s Inequality

Given the number of indices defining Sobolev spaces, it is natural to hope that there are inclusion
relations to provide some sort of ordering among them. Using the Definition 1.3.1 and exercise 1.x.1, it is

easy to derive the following propositions.

Proposition 1.5.1 ((1.4.1)) Suppose that Q) is any domain, k and m are non-negative integers satisfying
k <m, and p is any real number satisfying 1 < p < oo. Then W)™(Q) C W} (Q).

Proposition 1.5.2 ((1.4.2)) Suppose that Q is a bounded domain, k is a non-negative integer, and p and
q are real numbers satisfying 1 < p < q < co. Then W}F(Q) C W} ().

However, there are more subtle relations among the Sobolev spaces. For example, there are cases when
k <m and p > q and W () C W}(€). The existence of Sobolev derivatives imply a stronger integrability
condition of a function. To set the stage, let us consider an example to give us guidance as to possible

relations among k, m, p, and ¢ for such a result to hold.

Example 1.5.3 ((1.4.3)) Let n > 2, let @ = {z € R” : |z| < 1/2} and consider the function f(x) =

log |log |x||. From Example 1.2.6 (and exercise 1.x.12), we see that f has first-order weak derivatives

De f(x) = 2*/(|z|*log |])

10



(la| =1). From exercise 1.z.5, we see that D*f € LP() provided p < n. For example,

(D f ()" < p(l2]) == 1/(|2["|log |=[|")

satisfies the condition of exercise 1.x.5 because p(r)r"~t = 1/(r|logr|"™) is integrable for alln > 2 on [0,1/2].

In fact, the change of variables r = et gives
/1/ 2 dr /°° dt
— = — < oo,
0 T|10g7’|n log 2 tn
(n>2)

Similarly, it is easy to see that f € LP(Q) for p < co. Thus, f € W, () for p < n. Note, however, that
in no case is f € L>(Q).

This example shows that there are functions that are essentially infinite at points (such points could
be chosen as in (1.1.12) to be everywhere dense), yet which have p-th power integrable weak derivatives.
Moreover, as the dimension n increases, the integrability power p increases as well. On the other hand,
the following result, which will be proved in Chapter 4, shows that if a function has p-th power integrable
weak derivatives for sufficiently large p (with n fixed), it must be bounded (and, in fact, can be viewed as
being continuous). But before we state the result, we must introduce a regularity condition on the domain

boundary for the result to be true.

Definition 1.5.4 ((1.4.4)) We say Q has a Lipschitz boundary 0 provided there exists a collection of
open sets O;, a positive parameter €, an integer N and a finite number M, such that for all z € 02 the ball
of radius € centered at x is contained in some O;, no more than N of the sets O; intersect nontrivially, and
each domain O; N Q = O; N Y; where ; is a domain whose boundary is a graph of a Lipschitz function ¢;
fie, Q= {(r,y) €R" 1z € R™y < $u(2)}) satisfying || el ipgen—ry < M.

One consequence of this definition is that we can now relate Sobolev spaces on a given domain to those
on all of R™.
THEHREL, HEAKE

Theorem 1.5.5 ((1.4.5)) Suppose that Q has a Lipschitz boundary. Then there is an extension mapping
E Wf(Q) — W;(R”) defined for all non-negative integers k and real numbers p in the range 1 < p < oo
satisfying Ev|g = v for allv € W;(Q) and

[Ev]we®n) < Cllvllwee)
where C' is independent of v.

For a proof of this result, as well as more details concerning other material in this section, see (Stein
1970). Of course, the complementary result is true for any domain, namely, that the natural restriction
allows us to view functions in W}(R™) as well defined in W} (). We now return to the question regarding

the relationship between Sobolev spaces with different indices.

Theorem 1.5.6 ((1.4.6)) (Sobolev’s Inequality) Let ) be an n-dimensional domain with Lipschitz bound-

ary, let k be a positive integer and let p be a real number in the range 1 < p < oo such that

k>n when p=1

11



k>n/p when p>1.

Then there is a constant C' such that for all u € W} ()

[ull L= (@) < Cllullwg@)-
Moreover, there is a continuous function in the L™ (Q)) equivalence class of u.

This result says that any function with suitably regular weak derivatives may be viewed as a continuous,
bounded function. Note that Example 1.4.3 shows that the result is sharp, namely, that the condition
k > n/p cannot be relaxed (unless p = 1), at least when n > 2. When n = 1, Sobolev’s inequality says that
integrability of first-order derivatives to any power p > 1 is sufficient to guarantee continuity. The result will
be proved as a corollary to our polynomial approximation theory to be developed in Chapter 4. Note that

we can apply it to derivatives of functions in Sobolev spaces to derive the following:

Corollary 1.5.7 ((1.4.7)) Let Q be an n-dimensional domain with Lipschitz boundary, and let k and m be

positive integers satisfying m < k and let p be a real number in the range 1 < p < co such that
k—m>n when p=1

k—m>n/p when p>1.

Then there is a constant C' such that for all u € W} ()

lullwz @) < Cllullwr )
Moreover, there is a C™ function in the LP(Q) equivalence class of u.

Remark 1.5.8 ((1.4.8)) If 9Q is not Lipschitz continuous, then neither Theorem 1.4.5 nor Theorem 1.4.6
need hold. For example, let
Q={(z,9) eR*:0<z <1yl <2"}

where r > 1, and let u(z,y) = z=/?, where 0 < € < r. Then

Z / |D%u|Pdzdy = cem/ TPy < oo,
Q

1
lor|=1 0

provided p < 1+ r —e. In this case, u € WI} () but u is not essentially bounded on 2 if € > 0. Choosing
€ so that it is possible to have p > 2, we find that a Lipschitz boundary is necessary for Sobolev’s inequality
to hold. Since Sobolev’s inequality does hold on R™, it is not possible to extend u to an element of W3 (R?).

Thus, the extension theorem for Sobolev functions can not hold if 02 is not Lipschitz continuous.

F 2 F tjSobolevir N € FR 7] LA S 3 [ doc X

1.5.1 Ref. from Harlim’s note

UTHRAEEEERNAEH"ZEHHNER, RNFERIESH, EAREREESH.
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Theorem 1.5.9 (1.39) Let Q be a Lipschitz open subset of RY. Let m > d/2, then H™(2) C C(Q) and
there exists a constant C' = C(Q) > 0 such that

lulle@) < Cllullam@), Yue H™(Q).
Applying this inequality to distributional derivative of u and m > d/2 + £, we have
ulloey < Cllullpm@), Yue H™(Q).

We also conclude that H™(Q) C C4(Q) if m > d/2 + L.

1.5.2 Ref. from my PDE’s note
BRZ 1) 72 Sobolev ik N JE Ble  IX AN R A ML 2 6] M1 BEAR TS, AR R 1% F Sussan i - —FL.
Let © bounded in R®, 1 <p < co. Then

np

L»=r(€2), p<n,

C%e(Q), a=1-2 p>n,

Wo (@)

and the embedding is continuous. Moreover, we have

Whi(Q), p<q< P

n—mp’

- "
CIM@), 0<A<m-—n,

Wj+map (Q) C

1.6 Review of Chapter 0

At this point we can tie up many of the loose ends from the previous chapter. We see that the space

V introduced there can now be rigorously defined as

|V = {veW}Q):v(0) =0}

where = [0, 1], and that this makes sense because Sobolev’s inequality guarantees that pointwise values
are well defined for functions in W3 (Q). (In fact, we are allowed to view W3 (£2) as a subspace of Cy,(2), the
Banach space of bounded continuous functions.)

The derivation of the variational formulation (0.1.3) for solution of (0.1.1) can now be made rigorous
(cf. exercise 1.x.24). We have stated in Sect. 1.3 (see the related exercises) that functions in Wi (Q), and
a fortiori those in Wi (£2), are absolutely continuous, implying that the Cantor function is not among
them. However, we saw in Example 1.2.5 that piecewise linear functions have weak derivatives that
are piecewise constant. Thus, we can assert that the spaces S constructed in Sect. 0.4 satisfy S ¢ WL (Q),
and therefore that .

Since Sobolev’s inequality implies that V' C Cp (), exercise 0.x.8 shows that w in the duality argument
leading to Theorem 0.3.5 is well defined (also see exercise 1.x.23).

In the error estimates for u — ug we make reference to the L?(Q) norm, || - ||, of second derivatives of
functions. We can now make those expressions rigorous by interpreting them in the context of functions in

W3(€). In particular, we can re-state the approximation assumption (0.3.4) as

Je < oo such that ing |w—v||g <ellw”| YweWZ(Q), (0.3.4bis)
ve

13



and the only condition needed for Theorem 0.4.5 to hold is f € L?(2) (cf. exercise 1.x.23).

Finally, in the proofs in Chapter 0 we argued that a(v,v) = 0 implied v = 0. While it certainly implies
that the weak derivative of v is zero as a function in L?(f2), to conclude that v must be constant requires a
notion of coercivity that will subsequently be developed in detail. For now, consider the following simple

case. From exercise 1.x.16, we know that, for all v € V, we can write
v(z) = /1 DLv(s)ds
0
and use Schwarz’ inequality (cf. the proof of Theorem 0.4.5) to estimate
lo(x)]? < - /E D} v(s)%ds.
0

Integrating with respect to x yields

a(v,v).

DN =

[0]|72() <

In particular, this shows that if v € V satisfies a(v,v) = 0 then v = 0 as an element of L?(£2). Moreover,

recalling the definition of the W3 () norm, we see that
2 < 3 Vv eV 1.5.1
[lv]] 1) < 2a(v,v) v : (1.5.1)

Thus, we can conclude that vanishing of a(v,v) for v € V implies v is the zero element in V' (or W (£2)).
Inequality (1.5.1) is a coercivity inequality for the bilinear form a(-,-) on the space V. Note that this
inequality is only valid on the subspace V of W3 (), not all of W3 (£2), since it fails if we take v to be a

non-zero constant function (regardless of what constant would be substituted for 2).

1.6.1 Generalization to non-homogeneous case from Harlim’s note

Here, we will consider the following boundary value problem on a Lipschitz, connected, open domain
Q C R
—Au+cu=f, inQ

u=g, on Jf) (2.10)

For simplicity, we let ¢ € L>=(Q) and f € L*(Q), g = 0.
It is easy to check that if |u € H?(Q) | solves the PDE in (2.10), then for any v € H} (), we have the

variational formulation of (2.10),

/QVU(J:)-VU(:U) dﬂc—i—/@c(w)u(x)v(x) dxz/gf(m)v(a:) dx. (2.11)

To see this, use the definition of Sobolev space and Green’s formula. What we just see is that for f € L2,

u € H%(Q) solves the variational problem in (2.11).
Proposition 1.6.1 (2.1) Let u € V be a solution of the variational problem in (2.13), then we have,
—Au+cu=f

in the sense of D'(Q) and Au € L?(Q).

14



Proof. Take ¢ € D(Q) C H}(Q) as a test function. Then,
/ Vu-Veodr = (—Au,p),
Q

using the result in (1.7). Since cu, f € L} (), it is clear that they are distributions, so

loc

(cu,cp):/ﬂcwpdx and (f,<p>:/Qfg0da:.

By the definition of linear forms in (2.12) and the variational formula in (2.13), it is clear that,

(—Au+tcu—f,0) =0, VoeDQ),

which means, —Au + cu — f = 0 in the sense of D’(Q2). Indeed, Au = cu — f € L*(Q). =

We can extend this result to non-homogeneous boundary condition.
Proposition 1.6.2 (2.3) Let u € H}(Q) be a solution of the variational problem,
a(u,v) = £(v) — a(g,v), Yv € HL(),
where § € H(Q) such that vo(§) = g € HY/?(0Q). Then, w = u + § solves
—Aw+cw=f
in the sense of D'(Q) and w = g on 9.
Proof. From the hypothesis,
/(Vu-Vv—l—cuv)dm z/(f - cg)vdas—/ V§-Voudz.
Q Q Q
Since u + § € H'(Q), using (1.7),

(—A(u—i-g),v):/V(u—i—g)-Vvdx:/Vu-Vvdm—i—/Vg-Vvdx
Q Q Q

1
loc

for any v € D(Q). Since cu, cg, f € Li. (), they are distributions, and it is clear that,
(=A(u+g)+c(utg) - fv) =0,

and 7o(u) = 0 since u € H}(Q). Let w = u + g, then the proof is completed. m

1.7 Trace Theorems

(2.17)

(2.18)

(2.19)

In the previous section we saw that it was possible to interpret the “boundary condition” v(0) = 0 in the

definition of the space V using Sobolev’s inequality. As a guide to the higher-dimensional cases of interest

later, this is somewhat misleading, in that Sobolev’s inequality, as presented in Sect. 1.4, will

not suffice to interpret boundary conditions for higher-dimensional problems. For example, we

have already seen in Example 1.4.3 that, when n > 2, the analogue of the space V, namely W} (), contains

unbounded functions. Thus, we cannot interpret the boundary conditions in a pointwise sense,

and Sobolev’s inequality will have to be augmented in a substantial way to apply when n > 2.

15



On the other hand, the function in Example 1.4.3 can be interpreted as an LP function on any line in R?
since the function log |log| - | is p-th power integrable in one dimension.

The correct interpretation of the situation is as follows. The boundary 02 of an n-dimensional domain 2
can be interpreted as an n—1-dimensional object, a manifold. When n = 1 it consists of distinct points—
the zero-dimensional case of a manifold. Sobolev’s inequality gives conditions under which point values are
well defined for functions in a Sobolev space, and thus for boundary values in the one-dimensional case. For
higher dimensional problems, we must seek an interpretation of restrictions of Sobolev-class
functions to manifolds of dimension n — 1, and in particular it should make good sense (say, in
a Lebesgue class) for functions in Wy ().

We begin with a simple example to explain the ideas. Let £ denote the unit disk in R?:
Q={(z,y): 2> +9y* <1} ={(r,0): 0<r < 1,0 <0 < 2r}.
Let u € C1(Q), and consider its restriction to 92 as follows:
Lo
u(1,6)? / 5 (r*u(r,0)?) dr

(rPuu, +ru ) (r,0)dr

-/
/ ( WV - ) (r, 0)dr
<]

(r*|ul|Vu| + ru®) (r,0)dr

< /0 (Jul|Vu| + w?) (r,0)rdr. (r <1)

Integrating with respect to 6 and using polar coordinates (cf. exercise 1.x.4), we find

/ u?df < 2/ (Ju||Vu| + u?) dzdy,
o0 Q

where we define the boundary integral (and corresponding norm) in the obvious way:

27
/u2d9::/ u(1,0)%d0 = [ull2 50, (1.6.1)
o 0

Using Schwarz’ inequality, we have

1/2
o < 2oy ( /Q |w|2da:dy> 2 /Q WPdady.

The arithmetic-geometric mean inequality (cf. exercise 1.x.32), implies that
1/2 1/2 1/2
(/ |Vu|2d9:dy> + </ u2dxdy> < (2/ (|Vu|2 +u2) dxdy) .
Q Q Q

1/2

Therefore,

1/2

lullz2o0) < VBllull 2y lulliys - (1.6.2)

This is an inequality analogous to Sobolev’s inequality, Theorem 1.4.6, except that the L>°(€2) norm on the

left-hand side of the inequality has been replaced by [|ul[ 12 (9q). Although we have only proved the inequality
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for smooth u, we will see that it makes sense for all u € W} (Q) (F%4517), and correspondingly that
for such u the restriction u|gn makes sense as a function in L2(99). But first, we should say what we mean
by the latter space. Using Definition 1.6.1, we can identify it simply with L2([0,27]) using the coordinate
mapping 6 — (cosd,sinf). (More general boundaries will be discussed shortly.) We can now use inequality

(1.6.2) to prove the following result.

Proposition 1.7.1 ((1.6.3)) Let Q denote the unit disk in R?. For all uw € W3 (), the restriction u|sq
may be interpreted as a function in L*(0Q) satisfying (1.6.2).

Proof.
We will use (1.6.2) three times in the proof, which so far has only been derived for smooth functions.
However, in view of Remark 1.3.5, such functions are dense in Wj(f2), so we may pick a sequence

u; € C*(Q) such that |ju — ujllwy ey < 1/j for all j. By (1.6.2) and the triangle inequality,

1/2 1/2
e = w200y < VBl — wll 5t luw = w5 o

1 1
< VRl = wlhuyion < V5 (54 7)

for all j and k, so that {u;} is a Cauchy sequence in L?(9€2). Since this space is complete, there must be a
limit v € L?(0€) such that ||v — u;||12(90) — 0 as j — co. We define

u|aQ =.

The first thing we need to check is that this definition does not depend on the particular sequence that we
chose. So suppose that v; is another sequence of C''(Q2) functions that satisfy ||u — villwi () — 0 as j — oo

Using the triangle inequality a few times and (1.6.2) again, we see that
v — Uj||L2(8Q) <|v- Uj||L2(OQ) + Huj - Uj||L2(0Q)
< lo = ujll L2 (00 + VB|lu; — vjllwz @)

< o = wslaqon) + V8 (Il = ullwyo) + lu = vjllwz)) =0

as j — 0o. Thus, u|aq is well defined in L?(9£2). All that remains is to check that (1.6.2) holds for u. Again,

we use the validity of it for smooth functions:

llull 22 00) = vl z2(00) Jim 1wl 22 (002
< 1/2 1/2 1/2 1/2

. 4 4
Tim s[5t s 135y = VBNl Il -

This completes the proof of the proposition. Note that (1.6.2) was used repeatedly to extend its validity on

a dense subspace to all of W4 (Q); this is a prototypical example of a density argument #%. m

Remark 1.7.2 ((1.6.4)) Note that this proposition does not assert that pointwise values of u on
00 make sense, only that u|sq is square integrable on 02. This leaves open the possibility (cf. exercise
1.2.28) that u could be infinite at a dense set of points on 0. For smooth functions, the trace defined

here is the same as the ordinary pointwise restriction to the boundary.

17



Remark 1.7.3 ((1.6.5)) ~E %, XA, The proposition, at first glance, says that functions in W3 (Q)
have boundary values in L*(0SY), and this is true. However, this by itself would not be a sharp result (not
every element of L2(0) is the trace of some element of W4 () ). But on closer inspection it says something
which is sharp, namely, that the L?(02) norm of a function can be bounded by just part of the W4 (Q) norm
(the square root of it), together with the L?(Q) norm. This result might seem strange until we see that it is
dimensionally correct. That is, suppose that functions are measured in some unit U, and that L denotes the
length unit. Then the units of the W3 (Q) norm (ignoring lower order terms) equal U, and those of the L*(Q)
norm equal U - L. Neither of these matches the units of the square root of the left-hand side of (1.6.2), UVL,
but the square root of their product does. Such a dimensionality argument can not prove an inequality such

as (1.6.2), but it can be used to disprove one, or simplify its proof (cf. exercise 1.x.31).

Now let us describe a generalization of Proposition 1.6.3 to more complex domains. One natural approach
is to work in the class of Lipschitz domains. If 92 is given as the graph of a function ¢ (cf. (1.4.4)), we can

define the integral on 0f) as
fds = / f(@,0(x))V1+ |Vo(z)|*dz.
aQ Rn—1

If ¢ is Lipschitz, then the weight /1 +|Ve(x)|? is an L™ function (cf. exercise 1.x.14). In this way
(cf. Grisvard 1985), we can define the integral on any Lipschitz boundary, and correspondingly associated

Lebesgue spaces. Moreover, the following result holds.

Theorem 1.7.4 ((1.6.6)) Suppose that Q2 has a Lipschitz boundary, and that p is a real number in the range
1 < p < 0. Then there is a constant, C, such that

1-1 1
lolloom) | < Cllvll@ lolhE @) Vo € Wi ().

We will use the notation | W, (2) | to denote the subset of W} (), consisting of functions whose trace on

p
0N is zero, that is

W, () ={veW,(Q):v|logg =0 in L*(0Q)}. (1.6.7)

Similarly, we let W]f (Q) denote the subset of W} (€2) consisting of functions whose derivatives of order k — 1
are in WZ}(Q), ie.

WEQ) = {ve WHQ) : vy =0in L2(0Q) V|a| < k}. (1.6.8)
#MFEE M trace operator based on Harlim’s note

Definition 1.7.5 (1.33) (Trace operator) Let v € C(Q). We define the trace operator as the restriction

of v on the boundary of Q, that is, vo(u) = ulgq. This is a linear and continuous map.

Theorem 1.7.6 (1.34) (Trace theorem) Let Q be a Lipschitz open subset of R%. The trace operator
Y0 : CHQ) — C(9Q) can be extended to vy : H(Q) — L*(09Q) and extended map is continuous,

o(W)llz200) < Cllvlla @),

for some C > 0 and any v € HY(Q). Indeed Ker(yy) = HL (D).
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Remark 1.7.7 (1.35) o : H'(Q) — L?(09) is not onto. The range space vo(H' () := HY?(9Q) = {v €
L2(09) : v =~o(u) for some u € H(Q)}.

Now we can generalize integration by parts formula in (I.2) to functions in Sobolev spaces.

Proposition 1.7.8 (1.36) (Integration by parts) Let Q be a Lipschitz open set in RY and u,v € H'(Q),
then

ou ov
[ @@ = = [ we) g @de+ [ oo,

Proof. From (I.2), we have the identity to hold for u,v € C*(Q). Take u,,v, € C*(Q) such that u, — u
and v, — v in H'(Q). This means u, — w,v, — v, diu, — Ou, and dv,, — v in L3(Q). Thus, we
have v,0;u, — vd;u and u,d;v, — ud;v in L'(Q). By the continuity of the trace mapping theorem, we
have vo(un) — Yo(u) in L2(982) such that vo(un)y0(vn) — Yo(u)yo(v) in LY(92). Taking the limit of the

integration by part formula in (I.2) for sequences of u,,v, € C'(Q), we achieve the desired result. m

Definition 1.7.9 (1.37) (Trace of H? functions) Let 2 be a Lipschitz open subset of R%. For u € H?(1),
we also define v1(u) = Zle Yo(O;u)n; where n; denotes the component of normal vector 7. Indeed, v, :
H2(Q) — L?(99) is continuous. If u € C?(Q), then y1(u) = Vu -7l = %, where the derivatives are defined

i classical sense.
With this definition, one can verify the Green’s formula:

Proposition 1.7.10 (1.38) For any u € H*(Q) and v € H'(2), we have
/(Au(m))v(x)dm = —/ Vu(z) - Vv(:c)der/ ~1(u)vo(v)dr.
Q Q a9

#MFEE M trace operator based on Harlim’s note

1.8 Negative Norms and Duality

In this section we introduce ideas that lead to the definition of Sobolev spaces sz for negative integers
k. This definition is based on the concept of duality in Banach spaces. The dual space, B’, to a Banach
space, B, is a set of linear functionals on B. (A linear functional on a linear space B is simply a linear

function from B into the reals, R, i.e., a function L : B — R such that
L(u+ av) = L(u) + aL(v) Yu,v € B,a € R.

More precisely, we distinguish between the linear space, B*, of all linear functionals on B (cf. exercise 1.x.33),
and the subspace B’ C B* of continuous linear functionals on B. The following observation simplifies the

characterization of such functionals.

Proposition 1.8.1 ((1.7.1)) A linear functional, L, on a Banach space, B, is continuous if and only if it
is bounded, i.e., if there is a finite constant C' such that |L(v)| < C|jv||p Vv € B.
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Proof. A bounded linear function is actually Lipschitz continuous, i.e.,
|L(u) - L(v)| = |L(u—v)| < Cllu—vlp Vu,v€ B.

Conversely, suppose L is continuous. If it is not bounded, then there must be a sequence {v,} in B such
that |L(vy)|/||vnllp > n. Renormalizing by setting w, = v, /n||v.|p gives |L(wy,)| > 1 but |w,||p < 1/n,
and thus w, — 0. But, by continuity of L, we should have L(w,) — 0, the desired contradiction. m

For a continuous linear functional, L, on a Banach space, B, the proposition states that the following

quantity is always finite:

L(v)
I = sup 2
0#veB ”v”B

(1.7.2)

Exercise 1.x.34 shows that this forms a norm on B’, called the dual norm, and one can show (cf. Tréves
1967) that B’ is also a Banach space.

Example 1.8.2 ((1.7.3)) The dual space of a Banach space need not be a mysterious object. One of the
key results of Lebesgue integration theory is that the dual spaces of LP can be easily identified, for 1 < p < oo.
From Holder’s inequality, any function f € LI(Q) (where é + Il] =1 defines the dual index, q, to p) can be

viewed as a continuous linear functional via
LP(Q) > v — / v(x) f(z)de.
Q

One version of the Riesz Representation Theorem states that all continuous linear functionals on LP () arise
in this way, i.e., that (LP(Q))’ is isomorphic to L1(Q).

Example 1.8.3 ((1.7.4)) The dual space of a Banach space can also contain totally new objects. For ex-
ample, Sobolev’s inequality shows that the Dirac d-function is a continuous linear functional on W]f, provided
k and p satisfy the appropriate relation given in (1.4.6). Specifically, the Dirac é-function is the linear
functional

WEQ) 50— v(y) = 6,(v),

where y denotes a given point in the domain 2. It can be seen that this can mot arise via an integration
process using any locally integrable function (cf. exercise 1.x.36), i.e., it can not be viewed as a member of

any of the spaces introduced so far.

Definition 1.8.4 ((1.7.5)) Let p be in the range 1 < p < oo, and let k be a negative integer. Let q be the
dual indez to p, i.e., % + % = 1. Then the Sobolev space W} () is defined to be the dual space (W, *(Q))
with norm given by the dual norm (cf. (1.7.2)).

Remark 1.8.5 ((1.7.6)) Note that we have defined the negative-index Sobolev spaces so that, if the same
definition were used as well for k = 0, then the two definitions (cf. (1.3.1)) would agree for 1 < p < oo, in
view of Remark 1.7.3. Note also that different dual spaces are used to define negative-index Sobolev spaces, in
particular, it is frequently useful to use the dual of a subspace of Wq_k(Q), and in view of exercise 1.1.35, this
leads to a slightly larger space. In either case, the negative Sobolev spaces are big enough to include interesting
new objects, such as the Dirac d-function. Example 1.7.4 shows that § € WI’,“(Q) provided k < —n +n/p (or
E<—-nifp=o0).

#7E5E XA GFPDEH BRI E X, L(v) et ? 8 fh7eHarlim’s note using (L, v)
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1.8.1 T XEHEN

7R BRI SR Y TR TR — O TSI B AR M & 5B E L, AL
{7 B A 2 — L5 SCRR B BEA R R,

J7SCREBAE N — T RS R B 18, &5 Sobolev flSchwartz )4 BB BRI — 1. WEY 7T
AR, T sl 5 R SRR FEBE5E 1 kit e 38 12 R B 2 Pk 40 41 22 (B) O kAt B, 0L 1)
PR AR B B R, O T B IR IX AN, TR — R B T R A, T HRMR T AR R
WYEH. Bk, X EEATRE RN H KB FIEN, R REAUAS E — 2. Jyfa i L, T i
PR HERE A — o) R BON], L EXT 206, g2 e 22K,

Pis b, TR A GINGE TR IR T 2. Dirac BR3G Hlo BUR HOF I SCREL #E
WARA IR

5(z) = {0’ S 7 0 B, (1.30)
oo, Mz =0H,
/00 0(x)dx = 1. (1.31)

EoE R AR (R AT AL BRI ke, SRR WAL H. G, EEK e =¢
WA — A AL AN, R BRI IO AT, TG B p () AR XL FE AT o0 A, 7T 45

" "
) {o, My £ ¢ Y, )
0o, Kz =¢ M.

HER(1.32) MUERIp(x) REERWIEr = € A — D, EAREKYHAER D B TXNEEZ By
AR RS T AN, R, SEMERp(x) 2

/00 plx)dx =1. (1.33)
6 BRBORFIRH(1.32) M(1.33) UEIp(x) BA

pz) =d(z —¢). (1.34)

2R, 6 BB p(x) ARIEHEFSUNREL BN IS EAED I AR AR, Bk, A
TZIEIXR “FFREE LHIEE, TERBANY RS, ¥ Rk — it el 54 rmz mk s
A

HATRIE, Z R R BBV R, S oy “HAR” MR R, BRI R bR E L5
Fo B, ERITRTT LRBOXFZ o € LA, BIBEAR R, 55— %82 Aol B mBE & O (Q)
FAZRAL,  BLCSE (R) FomFTAT 2| 7870 KIHESE T F I T0 75 UGE L AT M BR Bl (v) HRRIIEE B

Definition 1.8.6 (1.3) % Xp(z) € C*(R), pn(x) € C(R), n=1,2,---, K
1. HBEM >0, 7% |z| > M Be(r) =0, pp(x) =0, n=1,2,---,
2.

lim max | |on(z) — p(x)| =0,

n—oo [_M’M

n—o0 [_M
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M AR I {0} Hc BT oo FLRE T BSOS ZM 2 B CO(R) A EAEH DR). ¢ € DR) HAXEH
&

BUAETT DAE S LR HLf -
Definition 1.8.7 (1.4) %% f: D(R) - R R&MELZ L, WAL £ —A) XK. Ky € DR) £—A
RIpdH, R(f,0) RRCHE RO, HHHIBR

R, $0E5E X1.4, 7 XEES BAHERS - o — (f.@)e fEE X141, PRI S TFHEESHa,b
FAT BRI R 0, BAL
(fsap + b)) = a(f, @) + b{f,);

BEEMETR: N TERIRE KBTI, ) AR E e, REFHe, £DR) BT (RIHZHEE 1.3 T
ERE SO Wk T, WA
Jim (f, on) = ().
AT LR RS ILED (R), SfESiE.
Example 1.8.8 (1) 4 &R & p(r) 5E A = 0 R0 HHALG(0) 358 ) L HAHS HH, B
oy F i
(0,9) = ¢(0), Vo € D(R). (1.35)

FEE, BEHBikp - o(0) RD(R) L&k Gis K, KR AT @IS & A2 Lo

Example 1.8.9 (2) & f(z) AR L&y B3t TR, B AEATA R ] (a,b) LS
b
[ 1t@ls

/ O; F()p(x) da

B, MR HHp(x) HRSMME

B 2 —AN T SUE
B AR AR .
(f.6) = / f(@)p(z)de
R MEER SR, 2R ESHGIEAKRE L, ik,
HI2n] W, AR — S A% rl AR R A f (), TR E 500 bR B o M R AR AR i — AN Lk, B 15
FHHEES (2) AKXy, e fe FATH Lioe (R) RARFTEER L R4t nf A0 s B S, B2 &

i
Lioe(R) € D'(R). (1.36)

AT LAUEBAS BREUAE HH Ly (R) HHER BRI R, a2, 5(1.36) AHRIE &R AL GIEF I
MEvED. R, J7 XRG4 v AR R BT 7.
Remark 1.8.10 MHiE § &3 R A BHRATREK, FREBERR, AAES(2) € Lid(R), #FVp €
D(R), & N

/ f(@)o(x) dz = (0),
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B, (1) = pp(x,0) = np(nx,0), EFp(z,y) W2 X LFE—FE2, BTRIFAGLITESE, WEn RHOK
i,

< (0) / " @) dz < a(0),

1
n

oul0) = ] | i) as

TRFEF A, W™ fo ) LB HAR R IRLIT TARBH LA HET o

I SCRRBORT A% R 1 75 28 SUImE SRR, WI# f,g € D'(R), Wf+g€D'(R), H
(f+g,0)=(f0) +(9:9), VeeDR),
#feD(R), acR, NWafcD(R), H
(af,0) = a(f,¢), Yo € DR).
Remark 1.8.11 Wiz —ftms, J X &G LHHGRRALH &L,
IAESRE S SLRRHUT 51 AR PR
Definition 1.8.12 (1.5) i&f € D'(R), {f.} CD'(R), %%
Jim (fn,0) = (f,0), Vo € DR), (1.37)
AR LR 2T L HHF PN [} Bn — oo BEMFR, etk
fo— f (ED'(R) #9&LTF). (1.38)
FAUTT LLE SUAKHS TS B0 SCR BB R -
Definition 1.8.13 (1.6) % f € D'(R), f. € D'(R) (¢ >0), %%
lim(fe, ) = (f: ), Vo € D(R),
AR SUR S —T U HAE{f.} Be — 0 W9, ek
fe— f (e—0, EDREZELT)
1.8.2 Dual in Harlim’s note
Definition 1.8.14 (1.31) (Dual of H}) Let
H™1(Q) :={T € D'(Q) such that |(T, ¢)| < Clp|mi (o) for some C and Vi € D(Q)},

equipped with the following norm,

T,
HT||H71(Q) = sup { <,0>.
PEHL (D) lp2e

Remark 1.8.15 (1.32) We have the following properties:

1. This is a space of distributions of Q that are continuous with respect to the seminorm in [1,6], which
is a norm of H (). More precisely, H=1(2) = (H}(Q))*.
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. Let f € L*(0), then |0;f € H ' (Q)| and (9;f,¢) = — [, fOip for all ¢ € D(Q). To see this, by
definition 0;f € D'(Q) since it is a distributional partial derivative. Since f € L}, .,
(1.3) to deduce the identity (0;f,p) = fo foip for all ¢ € D(Q). Finally, by Cauchy-Schwartz

imequality,

we can employ

10:, 00| < I/l 2@ 19l 20y < Clelinion |

where C = HfHLz(Q) This means alf S H_l(Q) and‘ ||6szH*1(Q) < C= ||f||L2(Q) ‘

. The result [ii.] above means 0; : L*(Q) = H°(Q) — H~*(Q) is linear continuous from L*(Q) to
H=1(Q). One can also show that —A is a linear continuous from ‘ H(Q) ‘ to ‘ H™Y(Q) ‘ Also, for
all u,v € HY(Q), we have

(—Au,v) = /QVu - Vudz. (1.2)

To see this identity, it is clear that if u € Hy, then d;u € L*(Q), so by [ii.] we have (—d;u,p) =
Jo Oiudip for all ¢ € D(Q) and that

[(=0iu, ©)| < ||05ull L2 ()@l a1 ()

so it is an element of H=*(Q). Furthermore, for some C' > 0,

—Au, )| =0iu, )| < Clolm (),

H'Mg

so —Au € H71(Q) = (H})*. Now, take v € H}(Q). Since D(Q) is dense in HE(Q), there emist
v, € D(Q) such that v, — v in H}. By continuity of —Au, we have

[(—Au,vn) — (=Au,v)| < || = Vul|r2(q)[vn — v|g1 @) — 0.

On the other hand, by [ii.]
(—Au,v,) = / Vu - Vv, — / Vu- Vv
Q Q

since Vv, — Vv in L*(Q), and Vu - Vv, — Vu - Vv in L}(Q). From (1.8) and (1.9), we achieved the
identity in (1.7).

#h78E XPDEHORAR I E XL, L(v)&tt4? 8 4h ftHarlim’s note using (L, v)
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