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Chapter 1

Basic concepts

The finite element method provides a formalism for generating discrete (finite) algorithms for approxi-
mating the solutions of differential equations. It should be thought of as a black box into which one puts the
differential equation (boundary value problem) and out of which pops an algorithm for approximating the
corresponding solutions. Such a task could conceivably be done automatically by a computer, but it neces-
sitates an amount of mathematical skill that today still requires human involvement. The purpose of
this book is to help people become adept at working the magic of this black box. The book does not focus on
how to turn the resulting algorithms into computer codes, but this topic is being pursued by several groups.
In particular, the FEniCS project (on the web at fenics.org) utilizes the mathematical structure of the finite
element method to automate the generation of finite element codes.

In this chapter, we present a microcosm of a large fraction of the book, restricted to one-dimensional
problems. We leave many loose ends, most of which will be tied up in the theory of Sobolev spaces to be
presented in the subsequent chapter. These loose ends should provide motivation and guidance for the study

of those spaces.

1.1 Weak Formulation of Boundary Value Problems

Consider the two-point boundary value problem

f% — fin (0,1) (0.1.1)
w(0) =0, /(1) =0.

If u is the solution and v is any (sufficiently regular) function such that v(0) = 0, then integration by parts

yields
(f,v) ::/0 f(x)v(m)dx:/o —u"(z)v(z)dx
1
:/0 o' (2) (z)dx =: a(u,v). (0.1.2)

Let us define (formally, for the moment, since the notion of derivative to be used has not been made precise)

V ={velL?0,1): a(v,v) < oo and v(0) = 0}. (0.1.2V)




Then we can say that the solution u to (0.1.1) is characterized by
uw €V such that a(u,v) = (f,v) YveV, (0.1.3)

which is called the variational or weak formulation of (0.1.1).

The relationship (0.1.3) is called “variational” because the function v is allowed to vary arbitrarily. It
may seem somewhat unusual at first; later we will see that it has a natural interpretation in the setting of
Hilbert spaces. (A Hilbert space is a vector space whose topology is defined using an inner-product.) One
example of a Hilbert space is L?(0,1) with inner-product (-,-). Although it is by no means obvious, we will
also see that the space V may be viewed as a Hilbert space with inner-product a(-,-), which was defined in
(0.1.2).

FHOEEAEX?

One critical question we have not yet dealt with is what sort of derivative is to be used in the

definition of the bilinear form a(-,-). Should this be the classical derivative

o ulz+h) —ulz
Or should the “almost everywhere” definition valid for functions of bounded variation (BV) be used? We
leave this point hanging for the moment and hope this sort of question motivates you to study the following
chapter on Sobolev spaces. Of course, the central issue is that (0.1.3) still embodies the original problem

(0.1.1). The following theorem verifies this under some simplifying assumptions.

Theorem 1.1.1 (0.1.4) Suppose f € C°([0,1]) and u € C*([0,1]) satisfy (0.1.3). Then u solves (0.1.1).

Table 1.1: Naming conventions for two types of boundary conditions

Boundary Condition | Variational Name | Proper Name

u(z) =0 essential Dirichlet

u'(z)=0 natural Neumann

The assumptions f € C°([0,1]) and u € C?([0,1]) in the theorem allow (0.1.1) to be interpreted in the
usual sense. However, we will see other ways in which to interpret (0.1.1), and indeed the theorem says that
the formulation (0.1.3) is a way to interpret it that is valid with much less restrictive assumptions on

f. For this reason, (0.1.3) is also called a weak formulation of (0.1.1).

1.2 Ritz-Galerkin Approximation

Let S C V be any (finite dimensional) subspace. Let us consider (0.1.3) with V replaced by S,
namely
us € S such that a(ug,v) = (f,v) VYveS. (0.2.1)

It is remarkable that a discrete scheme for approximating (0.1.1) can be defined so easily. This is only one
powerful aspect of the Ritz-Galerkin method. However, we first must see that (0.2.1) does indeed define an
object. In the process we will indicate how (0.2.1) represents a (square, finite) system of equations for ug.

These will be done in the following theorem and its proof.



Theorem 1.2.1 (0.2.2) Given f € L?(0,1), (0.2.1) has a unique solution.

Proof. Let us write (0.2.1) in terms of a basis {¢; : 1 <i <n} of S. Let

n
ug = Z Ujo;:
j=1

let

Kij =a(g;, ¢:), Fs = (f,¢;) fori,j=1,..,n.
Set

U= (), K = (Kij) and F = (F).

Then (0.2.1) is equivalent to solving the (square) matrix equation

KU =F. (0.2.3)

For a square system such as (0.2.3) we know that uniqueness is equivalent to existence, as this is a finite
dimensional system. Nonuniqueness would imply that there is a nonzero V such that KV = 0. Write
v =) V;¢; and note that the equivalence of (0.2.1) and (0.2.3) implies that a(v,¢;) =0 for all j since
KV =Y K;V;=a(v,¢;) =0. Vi
J
Multiplying this by V; and summing over j yields 0 = a(v,v) = fol (v")2dx, from which we conclude that v’ = 0.
Thus, v is constant, and, since v € S C V implies v(0) = 0, we must have . Since {¢; : 1 <i < n}is
a basis of S (which implies that ¢; are independent), this means that V = 0. Thus, the solution to
(0.2.3) must be unique (and hence must exist). Therefore, the solution ug to (0.2.1) must also exist and be

unique. =
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Remark 1.2.2 (0.2.4) Two subtle points are hidden in the “proof” of Theorem (0.2.2). Why is it that
“thus v is constant”? And, moreover, why does v € V really imply v(0) = 0 (even though it is in the
definition, i.e., why does the definition make sense)? The first question should worry those familiar with the
Cantor function whose derivative is zero almost everywhere, but is certainly not constant (it also vanishes
at the left of the interval in typical constructions). Thus, something about our definition of V' must rule out
such functions as members. V is an example of a Sobolev space, and we will see that such problems do
not occur in these spaces. It is clear that functions such as the Cantor function should be ruled out (in a
systematic way) as candidate solutions for differential equations since it would be a nontrivial solution to the

o.d.e. v’ =0 with nitial condition u(0) = 0.

Remark 1.2.3 (0.2.5) The matriz K is often referred to as the stiffness matriz, a name coming
from corresponding matrices in the context of structural problems. It is clearly symmetric, since

the energy inner-product a(-,-) is symmetric. It is also positive definite, since

Z kijviv; = a(v,v) where v = Zvj¢j'

i,j=1 j=1
Clearly, a(v,v) > 0 forall (vj) and a(v,v) = 0 was already “shown” to imply v = 0 in the proof of
Theorem 0.2.3.




1.3 Error Estimates

Let us begin by observing the fundamental orthogonality relation between u and ug. Subtracting
(0.2.1) from (0.1.3) implies

’a(u—us,w) =0 Ywe S.‘ (0.3.1)

Equation (0.3.1) and its subsequent variations are the key to the success of all Ritz-Galerkin/finite-

element methods. Now define
[vlle = Va(v,v)

for all v € V, the energy norm. A critical relationship between the energy norm and inner-product is
Schwarz’ inequality:
la(v,w)| < |v||Ellwlleg Yo,w e V. (0.3.2)

This inequality is a cornerstone of Hilbert space theory and will be discussed at length in Sect. 2.1. Then,

for any v € S,

alu —us,u —ug)

lu—usl|%

(
a(u —ug,u—v) + alu —ug,v — ug)

a(u —ug,u—v) (from 0.3.1 with w = v — ug)

< lu—wus|gllvu—v||g (from 0.3.2).

If ||u — ug||g # 0, we can divide by it to obtain |u —ug||g < ||u —v||g, for any v € S. If ||u — ug||g = 0, this

inequality is trivial. Taking the infimum over v € S yields
lu —usllg < inf{|ju—v|g:v €S}

Since ug € S, we have

inf{|lu —v||g :v € S} < |ju—usl| g

Therefore,

[l — usllm = nf{]|u - v]5: v € S}.|

Moreover, there is an element (ug) for which the infimum is attained, and we indicate this by replacing

“infimum” with “minimum.” Thus, we have proved the following.
Theorem 1.3.1 (0.3.3) ||u — ug||g = min{|ju —v||g : v € S}.

This is the basic error estimate for the Ritz-Galerkin method, and it says that the error is optimal in
the energy norm. We will use this later to derive more concrete estimates for the error based on constructing
approximations to u in S for particular choices of S. Now we consider the error in another norm.

Define |jv]| = (v,v)2 = (fol v(z)%dz)?, the L*(0,1)-norm. We wish to consider the size of the
error u — ug in this norm. You might guess that the L?(0,1)-norm is weaker than the energy
norm, as the latter is the L?(0,1)-norm of the derivative (this is the case, on V, although it is not
completely obvious and makes use of the essential boundary condition incorporated in V). Thus, the error
in the L2(0,1)-norm will be at least comparable with the error measured in the energy norm. In fact, we

will find it is considerably smaller.



To estimate ||u — ugl|, we use what is known as a “duality” argument or Aubin-Nitsche Trick (a

specific duality argument). Let w be the solution of
—w" =u—wug on[0,1] with w(0)=w'(1)=0.
Integrating by parts, we find

lu—us|® = (u—us,u—us)
= (

u—ug,—w")

alu —ug,w) — [(u—ug)w']|s (since (u—ug)(0) = w'(1) = 0)
=a(u—ug,w—v) (from 0.3.1)
for all v € S. Thus, Schwarz’ inequality (0.3.2) implies that

lu = us|| < [lu = us||pllw = vle/llu—us|| = llu - us||gllw = v]2/|lw"].

We may now take the infimum over v € S to get

lu— us|l < [lu—us||g inf [w—v|g/|w".
veS

Thus, we see that the L2-norm of the error can be much smaller than the energy norm, provided that w can

be approximated well by some function in S. It is reasonable to assume that we can take v € S close to w,

which we formalize in the following approximation assumption:

inf — < .
inf flw — vl < efw”|

Of course, we envisage that this holds with e being a small number. Applying (0.3.4) yields

[ — us|| < eflu —us| g,

(0.3.4)

and applying (0.3.4) again, with w replaced by u (as I understand here the replacement is doable

since the only requirement for the inequality (0.3.4) is that w € V without constraint on PDE

which can be seen from the following Theorem 0.4.5.), and using Theorem 0.3.3 gives

lu—usle < ellu”]]
Combining these estimates, and recalling (0.1.1), yields
Theorem 1.3.2 (0.3.5) Assumption (0.5.5) implies that

lu—us|l < ellu—usllz < [lu”]| = || £l

The point of course is that ||u — ug||z is of order € whereas ||u — ug|| is of order €. We now consider

a family of spaces S for which ¢ may be made arbitrarily small.




1.4 Piecewise Polynomial Spaces —The Finite Element Method

Let 0 =20 < 21 < ... < 2, = 1 be a partition of [0,1], and let S be the linear space of functions v such that
i) v e C°(0,1])

i) v
iii) v(0) = 0.

We will see later that S C V. For each i = 1,...,n define ¢; by the requirement that ¢;(x;) = 0;; = the

[zi_1,2;) 1S a linear polynomial, i = 1,...,n, and

Kronecker delta, as shown in Fig. 0.1.

—

0 X
Fig.0.1. piecewise linear basis function ¢;

Figure 1.1: piecewise linear basis function ¢;.

Lemma 1.4.1 (0.4.1) {¢;:1<1i<n} is a basis for S.

Remark 1.4.2 (0.4.2) {¢;} is called a nodal basis for S, and {v(z;)} are the nodal values of a function
v. (The points {x;} are called the nodes.)

Proof. The set {¢;} is linearly independent since Y. | ¢;¢;(z;) = 0 implies ¢; = 0. To see that it spans S,

consider the following:

Definition 1.4.3 (0.4.3) Given v € C°([0,1]), the interpolant v € S of v is determined by vy :=

Z?:l U(xi)¢i‘
Clearly, the set {¢;} spans S if the following is true.
Lemma 1.4.4 (0.4.4) vES=v=nuj.

Proof. v — vy is linear on each [x;_1, ;] and zero at the endpoints, hence must be identically zero. O

We will now prove the following approximation theorem for the interpolant.
Theorem 1.4.5 (0.4.5) Let h = maxi<i<n(x; —x;—1). Then
lu = urllp < Chllu”||

for alluw € V, where C is independent of h and u.



Corollary 1.4.6
lu—us|e < [lu—wur]p < Chlju”||

where ug € S is the numerical weak solution.

Proof. Recalling the definitions of the two norms, it is clearly sufficient to prove the estimate piecewise, i.e.,

that REUFAINF,

Tj

/:jl (u —uz) (z)dz < c(x; — gcjfl)?/x W (z)2da

- -1
as the stated result follows by summing over j, with C' = /c. Let e = u — u; denote the error; since uy is a
linear polynomial on the interval [x;_1,z;], the above is equivalent to
z; z;
/ e (r)?dr < c(zj — xj_l)Z/ ¢ (x)%d.
T Tj-1
Changing variables by an affine mapping of the interval [z;_1,x;] to the interval [0,1], we see that this is

equivalent to showing
1 1
/ ¢ (#)%dz < c/ ¢ (2)%dz,
0 0
where x = zj_1 + Z(z; — zj_1) and fEZEH
() = e(xj—1 + T(xj — xj-1)).

Note that we have arrived at an equivalent estimate that does not involve the mesh size at all. The technique
of reducing a mesh-length dependent estimate to a mesh-independent one in this way is called a homogeneity
argument (or scaling argument) and will be used frequently in Chapter 4 and thereafter.

The verification of the latter estimate is a simple calculus exercise. Let w = € to simplify the notation,
and write x for Z. Note that w vanishes at both ends of the interval (the interpolation error is zero at all

nodes). By Rolle’s Theorem, w’(£) = 0 for some ¢ satisfying 0 < £ < 1. Thus,

Wl (y) = /5 ().

By Schwarz’ inequality,

()] = /5 " (2)de

'
= / 1-w"(z)dx
13

Yy 1/2 Y
/ ldz| - / w' (z)?dx
3 3

1/2
_ _e1/2 Y 7 2 /
=ly ¢ v (z)dz

1/2

<l-ee( 1 w'(@fds) (0.4.6)

Squaring and integrating with respect to y completes the verification, with

1/2

IA

L

1
c= sup / \y—ﬁldy=2
0

0<e<l



Corollary 1.4.7 see embededness compactness poincare.pdf. Jhm 3k % X (Poincarélnequality) = H 55
My AR T AEF AT —ANEF E2 B R F RN, HERE, CRETRIFE-ANFR: HF AL
FEAR (RHEAER) 6 “RIF7 Z, HAF6 “R07 GER) TAMAFHY “ X7 Frizdl. In

general, let ) be a bounded domain. There exists a Cp such that, for every u € Wol’p, where trace vo(u) = 0,
[ullr ) < Cp[IVullLe(0)-
Corollary 1.4.8 (0.4.7) #%4# (A Priori Estimates)
lu—usll + Chllu — us|le < 2(Ch)|[u”|.
Proof. Theorem 0.4.5 implies that the approximation assumption (0.3.4) holds with ¢ = Ch. =

Remark 1.4.9 (0.4.8) The interpolant defines a linear operator I : C°([0,1]) — S where Iv = v;. Lemma
0.4.4 says that I is a projection (i.e., I* = I). The estimate (0.4.6) for w' in the proof of Theorem (0.4.5) is
an example of Sobolev’s inequality, in which the pointwise values of a function can be estimated in terms
of integrated quantities involving its derivatives. Estimates of this type will be considered at length in Chapter
1.

1.5 Relationship to Difference Methods

The stiffness matrix K as defined in (0.2.3), using the basis {¢;} described above, can be interpreted as
a difference operator. Let h; = z; — x;_1. Then the matrix entries K;; = a(¢;, ¢;) can be easily calculated

to be

Kii = hl_l + hi_Jrlh Ki,i—i—l = Ki+17i = _hi_Jrll (Z = 1, ey M — 1) (051)

and K, = h; ! with the rest of the entries of K being zero. Similarly, the entries of F' can be approximated
if f is sufficiently smooth: )
(f, i) = i(hi + hit1)(f(2:) + O(h)) (0.5.2)

where h = maxh;. (This follows easily from Taylor’s Theorem since the integral of ¢; is (h; + hit1)/2.
Note that the error is not O(h?) unless 1 — (h;/h;+1) = O(h).) Thus, the i — th equation of KU = F (for
1<i<n-—1) can be written as
-2 Uin =Ui  Ui=Uia| _ 2(f,¢i)
hi+hit1 hiy1 h; hi + hitq
= f(z;) + O(h). (0.5.3)

The difference operator on the left side of this equation can also be seen to be an O(h) accurate approximation
to the differential operator —d?/dz? (and not O(h?) accurate in the usual sense unless 1 —h;/h; 11 = O(h).)
For a uniform mesh, the equations reduce to the familiar difference equations
Uis1 —2U; + Uia
B2

= f(z;) + O(h?) (0.5.4)



which are well known to be second-order accurate. However, for a general mesh (e.g., h; = h for i even and
h; = h/2 for i odd), we know from Corollary 0.4.7 that the answer is still second-order accurate (in L?(0,1)
at least, but it will also be proved to be so in the maximum norm in Sect. 0.7), even though the
difference equations are formally only consistent to first order. This phenomenon has been studied in detail
by Spijker (Spijker 1971), and related work has recently been done by (Kreiss, et.al. 1986). See exercises
0.x.11 through 0.x.15 for more details.

We will take this opportunity to philosophize about some powerful characteristics of the finite element
formalism for generating discrete schemes for approximating the solutions to differential equations. Being
based on the variational formulation of boundary value problems, it is quite systematic, handling different
boundary conditions with ease; one simply replaces infinite dimensional spaces with finite dimensional sub-
spaces. What results, as in (0.5.3), is the same as a finite difference equation, in keeping with the dictum
that different numerical methods are usually more similar than they are distinct. However, we were able to
derive very quickly the convergence properties of the finite element method. Finally, the notation for the
discrete scheme is quite compact in the finite element formulation. This could be utilized to make coding the
algorithm much more efficient if only the appropriate computer language and compiler were available. This
latter characteristic of the finite element method is one that has not yet been exploited extensively, but an
initial attempt has been made in the system fee (Bagheri, Scott & Zhang 1992). (One could also argue that
finite element practitioners have already taken advantage of this by developing their own “languages” through

extensive software libraries of their own, but this applies equally well to the finite-difference practitioners.)

1.6 Computer Implementation of Finite Element Methods

One key to the success of the finite element method, as developed in engineering practice, was the
systematic way that computer codes could be implemented. One important step in this process is the
assembly of the inner-product a(u,v) by summing its constituent parts over each sub-interval, or element,
which are computed separately. This is facilitated through the use of a numbering scheme called the global-
to-local index. This index, i(e, ), relates the local node number, j, on a particular element, e, to its position
in the global data structure. In our one-dimensional example with piecewise linear functions, this index is
particularly simple: the “elements” are based on the intervals I. := [x._1,z.] where e is an integer in the

range 1, ..., n and
i(e,j):=e+j—1 for e=1,....,n and j=0,1.

That is, for each element there are two nodal parameters of interest, one corresponding to the left end of the
interval (j = 0) and one at the right (j = 1). Their relationship is represented by the mapping i(e, j).
We may write the interpolant of a continuous function for the space of all piecewise linear functions (no

boundary conditions imposed) via

1
Fro=3" " fl@ies)ds (0.6.1)

e j=0

where {¢$ : j = 0, 1} denotes the set of basis functions for linear functions on the single interval I, = [z¢_1, T.]:

¢;(x) =¢j((z — 2e—1)/(Te — Te—1))

10



where

11—z z€][0,1] z z€]0,1]
do(x) := and ¢y (x) =
0 otherwise 0 otherwise.
Note that we have related all of the “local” basis functions ¢ to a fixed set of basis functions
on a “reference” element, [0,1], via an affine mapping of [0,1] to [z._1,z.]. (By definition, the
local basis functions, ¢f, are extended by zero outside the interval I..)
reference is important for coding!
The expression (0.6.1) for the interpolant shows (cf. Lemma 0.4.4) that any piecewise linear function f

(no boundary conditions imposed) can be written in the form

1
F=33 fien® (0.6.2)

e j=0

where f; = f(x;) for all i. In particular, the cardinality of the image of the index mapping i(e,j) is the

dimension of the space of piecewise linear functions. Note that the expression (0.6.2) represents f incorrectly

at the nodal points, but this has no effect on the evaluation of multilinear forms involving integrals of f.
The bilinear forms defined in (0.1.2) can be easily evaluated (assembled) using this representation as

well. For example,
= Z Qe (va w)
where the “local” bilinear form is defined (and evaluated) via
ae(v,w) := / v'w'dx
I.
! ! !
= (Te = @e—1) 1/0 (= '”i(em%‘) (BjWite.y ;) dz
_ ( — iz 1 Vi(e,0) Wi(e,0) )
Vi(e,1) Wi(e,1)
Here, the local stiffness matrix, K, is given by

1
K, ; 5:/ ¢2_1¢;_1dx fori,j7 =1,2.
0

Note that we have identified the space of piecewise linear functions, v, with the vector space of values, (v;),
at the nodes. The subspace, S, of piecewise linear functions that vanish at x = 0, defined in Sect. 0.4, can be
identified with the subspace {(v;) : v9 = 0}. Including vy in the data structure (with a value of zero) makes

the assembly of bilinear forms equally easy in the presence of boundary conditions.

1.7 Local Estimates

‘We wish to derive estimates for the error, u—ug, in the pointwise sense. As in the case for the

L?-norm, we begin by writing the error that we wish to bound in terms of the energy bilinear form applied

11



to u — ug and some other function. In this case, this other function is the so-called Green’s function for the

problem (0.1.1), which in this case is simply

t t<cx
g(t) ==
x otherwise

where z is any point in [0, 1]. Integration by parts shows that
v(z) =a(v,g,) Yo eV
since ¢/ is identically zero on either side of z. Therefore,

(u—us)(x) = a(u - us, gz

=a(u—ug,g, —v) Yv€ES.

One conclusion is that, if S is the space of piecewise linear functions defined on a partition {x; : i =1,...,n}
as in Sect. 0.4, then
(u—wug)(z;) =0 Vi=1,...,n

since g,, € S in this case (g, 22k PEK%L). Thus, we conclude that (ST Hf { pR B ME— 1,
R A PEERS %), and a variant of Theorem 0.4.5 yields

l[w = tr|lmax < CR2[0" | max- (0.7.1)

(Recall that || f|lmax = maxo<z<1 |f(2)].) Combining the above estimates, we have proved the following.

Theorem 1.7.1 (0.7.2) Let us be determined by (0.2.1) using the space of piece-wise linear functions
defined in Sect. 0.4. Then

”u - uS”maI < ChQHUHH’mW?'

Local estimates for higher-dimensional problems are much more difficult to derive, but the
use of the Green’s function is similar. However, the local character of the singularity of the one-dimensional
Green’s function disappears, and the distributed nature of the higher-dimensional Green’s function requires

techniques that are illustrated in the next section.
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