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Chapter 1

Review of Partial Differential

Equations

1.1 HEHENEARRSE

B, BRI 1150 X, HR B s S T B S A, BT DA DA
B B BARRIT R AR MR b s, et B AR ) R T o 0 2 )

DL SR 0 R o
E—ER: B EHAME (~1940sMFT—BIBFHE SIS EA £ A MEL, VF 2 B0 IME A O 2
e, ESRT TR O DSAUR N, 58 54 o /e T 2 L

o B RHIMEE T REA, WERAKTFITREVE PEEK TR M CEIREAR” . iz
ESUNZE NI SE S 9N
o 17THEE: FASRIMEA (R SRATE) NI RECEHR G 1 BRI AR — R 7 .

o 18-19it70:

— BEFENEM: P2 HRNEBCER A BE TR SE A,
* BR$I(Leonhard Euler): i 1 BKRLE CRARF G TR B FEATT 5.
« B Hi(Carl Friedrich Gauss): 2 [ il ok ORBLMETTREAD. /b Zikbl m
Wk AN EUERA).
* Ht%BA H (Joseph-Louis Lagrange): % IiAIGEE L,
« {82 (Joseph Fourier): {HEMZE, HfERIHETVEZE 7 HA,
— BREDE: BAETHRBI, HZEBRAERE.

FEIME: MRUEHFMIEE (1940s-1950s)— 5B FitEH L EER
BF I EINLRRITERFEA NI FREE R EREENT. AMIRAIE 7T R
REST, (HINfT R HERf A AR Al RE S BN 1 38 i L

o HLIRENF: TR EET R, @it Czalasseit), M. B mARE.



o IREMAMSEH:

— 5-1&K2 (John von Neumann) & Bhiff}(Stanislaw Ulam): fEKEIFENAMPIFEIR, F
iy 7 RN B EREEMENRE M. MATE RS, — s BRI RAE TR L
AR R 9 N AR ZE 1T 58 4 2R 3L

— BELZMEREBAKEE: FK-ER(Alan Turing) 787 T & EE ok mEeE . E8E-B/RE
#(James H. Wilkinson) 75K\ TAET RG KRR [ RENRESHHIS, BOVEUE A i #i
2.V aP

- R¥FF&FEA(Monte Carlo Method): L% K 2. 5 dv 48 AR 2 3% A B (Nicholas
Metropolis) & N$&H, T FH BE B LA g o it s 1
— BRTTE(FEM) BBMEIEZ: E=4%F(Richard Courant) 7E19435F X H T RUA R G E

A8
JEnO

FE=ME: RELZRSMH (1960s-1980s)—EEKERL
THEALEERE AT SR T AT R 75 SR 197K, 2R 1 KRS oK s A A B ik

o BUETFRH) “HERK”:

— 3k (Gene Golub): RGUKRE T (WISVDIF AR EUETT %

— RIRE%: EFl(James Cooley) & E(John Tukey) ¥ &K I Jf % & 17 RIRE BT
¥ (FFT), RAHUINE 115 5 3 A 47

— SRR A TRARNERE: PR AR VAR B R B e E,
— B9 5 2 (ODE) w75 2 (PDE) XKi#ss: Wi&-EEE. £57% (WAdams. BDF7E)
IR, FRHILT AR AR (ODEPACK ).

o ARTEMERBISER: E4H5H(Ray W. Clough), FHl4F(Olgierd Zienkiewicz) FFZH
BHr(John Argyris) % TAEIMAE %=X MHEZ F, FEMBERAKRAGLLTEE, AN TR (554
ST AR TTEESE) EoR R P BUE R T A

o MMMHEMER: £ TWLINPACK, EISPACK (ZMHRIEAVFMFETTE) FNAGEE 4 MEHE
FIEE, wEETEEEE BRI G RSB AL =,

FEUMEL: MRERE (1990sE5)—KMRITESHIERZF
RKPrBRH L2 R MERRIER, HEFESEER OHT. 2420, FHSBENFREZL

8

o SMBEMTE(HPC): FIERILAERAXMBIFTIFE (MPIL, OpenMP). GPUMI#E. #xH AE£E
TG AR RN KA ], B (4 FEAT SRR AN TSR A ROt 7 A

o MIREEMERA: HOVAEBEPDERBUR ™ A M KL NE RS LR,

o RSSTRE: (BB “THe” F1“S00” 2 MBS AREWTER, /2 M T AR
Bl RUCYIEL BAPRMEEH. AR S,

o SHEMFNRE:



— HISRFESIMEM: P2 IR OEEARR R EHA S i (BT, AR
PO, ZMEREL (SVD, PCAD. BENLE ).

— THEMEN(UQ): Wil S b Brs i R i AN & PEATIRZE, Bk THLIUL ) ok SRR it vl 52
(S8

— RiglE: NOIMEHE T HEWE A S (R CTRR. HUBTEIIRD 275 H as H 2

— FENVBERSE: FHXhERRERE, R T2 T RENLRAE I ROa U5
- KEWE: KELAH S GRE) WHEZE.
- EFHEEE: REONARKEFIHHEN O BUE LRSS E L.

IEI\ z:lélz
IHRACAI R LR M BFERIBRF A SHBENRARRERE, HIMREEERNMZEILIZEM
FMEERBERIF NP L. HEERIGARL: AERMBFEBIHRATHENLTRIT. SMAETE (&

E E) NE%

1.2 HEHFHEEFENLRE

GFi, o I TE T S0 AT R 2 — S MR A A0 B SfE b, FRAE 43 77 1) 2t FLATE KCF Ay
s, HERHES ER i BEME, KER9 NP R LA B
F—ME: EESHFR (19505FK-1960F /L FHA)

HrE oL SR, D E SR BB 2 A RIE DI R oR, TEEECEE N — T OB S P R v EE A

o FREMEM: 19565, fEARRSHETRHER (TZERFRARLRAL) +, TERRIES
PIVNIRKE QI Z — (=002 2 Batfe. 75, SONTHEEAE T B 1R R 524 1 &
T J22 T P B 5 R

o XEAMSHM:

— TR PETEHCEAN T B NN . MR B AE T R B B it e pr g 1 A R 2 —
MEEECATE A, I R AT R
— B BB, HREET RN, JERAOVISL IR R (R 30,
— tRKRF. EMKRE: HBEBOLHRACE LR EE, b ERE IR 7S SR A
o BHATME: TEMGABKIER (XxW PR, ERpEl Zlasirsl. iR

EIED PR T RERE RS E LS I, TAEACOERERE. BoBRRRERMITERER
&t

BIMER: MIBENEARB—"BRFIR” SAMRTE (1960FKFHA-19805FK)
JUERZ B 3T Wb, E AR A P S 12 H A B AR R

o BREAMRITE: X X T+ H A i AN H 5Tk



~ SIER: (EI60EATN, SDRRICMFWTI I (IRR . R 2% BT
(U E R Clough) KIE T AT ERIBAOBIRTTIE (FEM. HEE P05 1 1025 4 U
R BT HIRCHE IR

— EIFRATT: i R SR 7 R PR PR T BRI, TR T R bR
AN “BRER

. HULEERM:

~ A AR ER RS TIOT L T ORI TR, GER) T PR < R
W, RGETILT BRI ITEIRERE, TR T RGO

~ BEREE: (AR 7T USRI CREBR SRR BB B O BB it
T SR

o MESER: “3CH” 4ida, HEEEVITUREIKE. 19804, WREAIE T E R G EL, JF
PAETAE, A2 By B SR 1 B BT U

BZMER: AHMESEEAR (1990FK-20105FK)
BEE TR N, o B S S B FAT OSSR H 2a A, ST 5 R AT 4h 5, /K7 s 2
It

o AABME: —HAEMRINFRIE. TAENRAENTEE AR (SR, FHE, FiB. gl €A,
EHESE) SR NIRRT I B A 0 PR 5 i (B A, AROR Sl 1 b R
BUARA AT BrAk.

o THRGUIIATE: WA AR TE S MR T FEBUE A BB A%, Ry 5
- BFEHE. W, HHERAEDIE (CFD). SR 24,
— RASHEIREMS T NS MR R,
- THREMENL (UQ) M RiER.
- BT 5FLM 4.

o FAREREMAEEK: TEITHEHEFFSEK, €M 2B T (Journal of Computational
Mathematics) 1 (TFEEE) A SO SCA B E 2R B,

EMME: BEERSESEEREK (2010FKES)
2R, E SRR QBN EBREE 5, IR T R SR, (RIS ARAR N X B (R B

o WENMSRE:

3

— SRHERg. [RAE R A BRI SRR IR 2 BTGP TRk (A2 RERRIBINL2S 222D, MhIlE =+
FHEF AL for Science (BlERRE) X—HFHvual.

— HRFE: WskFIr (ZREWFD. IR GHERAE ). BRER (HEMA R
St AR BT R R R T

o SENARXHIRERSE:



— AI for Science: %2 Rl sk rg KB (EIAURAL T BRG] G AL, F TR
SEASREAT RS, B, fet. AR U B [

- XFHFRETRE: HEHAEMEMR (CILIKX M., MR, REHM, SETBUTN. Fh
Bt S S8 16 o R BRI H rh R 5 3 ANl AR

o HRiSRNE:

o EIREBG AN IERIELE i b Ik BT, (HARBTIWRHERZERE (MCAE. EDA). TRFIR
WEENITFRMAESRK L, S5REDA 2.

o RKRKRETIMETE: BFHERER BEMFHRHTERRE, BAMNRERRGHRIE.

fS¥S

Hh [ TR 1) R 2 B A

1. EERERMIEE (1950s).

2. ENHMEAEEEMRNEEMRE CSRNBIRTE).

3. BINEAMMAEMRFRAHLELR.

4. Z5EEBHEMMARMANARZ X TURIL B FSAEKF (584 rg i) 3E/R 22 K HMAL for Science),
HeA Ty M55 T B R QBT G

BN e T E AR ATE A TSRS Ay TR

1.3 HEWHERFEERFLENEATATIWRG TR LRGSR EE XY

AR RA H O h EE R 8, Sl L R EREOR R MO SRRRERREE NS
FRE i Fa B S Ml =l 2 1] ) RS 22

FATAT LAZ3 PR 53 R -
F—Esr: PEVTERFEER LEAE?

Zhit: FER, EREHFE—HA.

1 TARHIFEHEMBRR: LUBER OMor kAR, ShHER (FES)AI for Science). A%HEE (4 RTH#
W) BB (e T FEEUE AR SR EACA S T3 S DTk, A AR A=A
HPSCL YERA. BREB. RLNIAR B R0 2 7 [ b R AT T

2. SEERANTHBN: HEIIEMNEE IR PR R WORSETIR M B A 2 5 R B 58 8 it
FHCENA BFRR R, B KR S R AR AR

3. SERBVMSREE: 4RI K AL for Science (BI#Efe). THEMEK. ZREEESIHELE
A, A EEIBN OS2 S04 e B 40 3 AL R R e A BE SN LA D) b T A Bk 51 A 1A B .

4. EIFRIARTEE: of [ o 58 SO B2 A [ B T o W BSR4y, SAETRZUN T B i, JF
ARGl [ P 20T, 352 [ o (R AT 3 HL K I BB AT

FREL, NEFARMRFRRLFAESR, PEHENFNSINETBHEELRN.
B AATWREFLR LREREEYE?



X E AR ] R OCEE BT AE. Dol OUH R R %IHE, WCAE/CAD/EDA) Wik)E, HAEFNIKZE
TR ECEIRAAT, TRIET — MR E RN “RGMRIRE" o XU b E A AT SR kLR
2 GFERE), (HARAES R “CATIA” 5 “ANSYS” IXFEM) “BER A" CTAREAE).

PRME 3 225Kk H LA LA 7 T :

1 A7SEEZ, MIERAREEZ:

o RBMESEER: TUBFOROLA S REES, RERAMD BROLRE TE T
ROATI R P — S 4 25 B SO B BB 2, R — B, (R EHR R, B AN {4
(HIANSYS. Abaqus) Zd¥H4E. TR TSR IRIE, BT WSS, 5kt
TR “BRIE” MHLS

« ARSBEEERS: AR CANE T RRNESRE, QM. T, B0, “UOFR
REX2E, TR MK ST ST R P, A TR B S 15 2 B R A

M=o
2. TREMUSERUBE R :

o U vs “FE@”: B—RFHMERIRI JRED) B MEE. RGBT
He, A BRI IIENMA. X ERMIFACEEAL BT ol S AR &
fALAe. AU ST RS IR EACHHRAN BOFT B R,

o RRAUES: TUHMEHTIEERRIGHEM. EEVHER MR Fk LR ek, H
BRZRE AR LT, RS SRAFAS. JEAEED KA A M MEE. AL g RN
KIWMTIZEEN.

3. AR SR ABISEEL:

o “EWRI: TEBK—BNHE, EEMMNEIESREER WESE WS, MR
PrENRAZ, AR “AAS7, AMEE.

o MABMANEERR: BERULH TR AF (WANSYS, AR ARG FEI RN EGIEHAL
PRHAACFETT, FFHFFEBRN T =04, E A AP AR MESRAS Wt U BB i e 1)K 4
.

o BMURE: KILLK, EAMRAFEBZIE, SAERHNEE A LT TH, 4R 17HE
FERRAER LA T 3 R E RGO, B R “ O~ IO R - > 7 i T+ -~ B KT
7 RGN

4. PR

o ERRANEHIGE BT I PEAN AR R ) TR R SO AR T R Tl k. Y2 RF R F L8 Tt
Asge E R A, Bk m TR DA B ) AR TE.

o I Lk S R SRR I R, A7 I SOTE i s S 45t 3 22 R S A

e ok

= =]

P EHEHF AR XA I ERR F AR B FTRE h AT A A HYBE TR .
Tk AHaoEss N2 N RGN TIEMESEE, e k.



o KEAFFERIEHIRN (B0

o REMTEURBMERES (2%
o BERMBAmHMAAES (i)

o BHHS=FRES WD

ZRHE: BMNPERE "BRAE R “MHBZER", BRNRZAER “BRIZHID. T2,
I HRFERFERTFEEMKIFRE—E “BERAE BTBER fhOMElIFE,

AT, BEE CRETT BRI, EZRPL R O s R TR R R (HERBIN L, 4a9F
—H =4 23], TEKGEEEEN. T OFRERERER, AR B U S,

1.4 MHENFEKEPDEFHMNE. BIxS5A TN

A f ) — A IR A A ARAS A SRR AL > 72 (PDED & & iR A1 S AR B miT s AN B P (0 5 ) 2
—. EEEAAR T BRIV, IR R PR

TR B AU PTREME =7 AT SHE, IRt —EAass B,
1. MESMHE(Value & Advantages) 4 M 4% ChE 5 & 9 B A5 B 0 4 W 45PINNs. % % H 7 ™
#&DeepONet %5) N R EPDEM K | £ 48 )7k (WA BR JTFEM. A BR %2 7)FDM. A [RAEFVMD fr A
IER QINELESEIN R

o FTFUAGSA(Mesh-free): SRR L —, MGk AL A 4 0T EFe, 30T LTI
S BABMNEE CNRAE TR R MR AR TR R bR, R % 5t 4
B T K — L TR A T

o 3P4 5]/ (High-dimensional Problems): 144t M i 7772 1T 5 A Bl 4E FE FR 800 K (B R
M), XAEARMEAEPDE (W3 1 g R SRR BN D LR
bo FRE L8 AT b AR KA S AE B, O X 2R I AR A TR I BR AR

o ¥ [O] A R SRHE S (Natural for Inverse Problems): %4t )72 3K ARl il @ CRI AU I B8040 S HE4)
WSHET R @A WA, FEEIRRACTE. 082 M 2% 0] LR R A S N T4 &,
SPDEMIBRZ IR AL, Bk, SREimHh AR vk 1E U4 35 ) .

o fEHYZRILHESI(Solution Representation): — MIZREFIIHHE N 265 A B it 2 —ANESL. AT R 3L
WAAE.  ARAT DL EFRAEARAT ORAE, TN ST, JF H AT DU M 5 = i S 4

o ZYIRHSSHWEMAIE: — Bl N EFME (WDeepONet), B R] DAL -F-SE I HFTI 78
AFEZH (UL FE TR WD TR, XRS5 b i 2 E R AT KRR, A
o
2. HI= (Prospects) 14K /EPDESUSIN AT SARR . T EEPLAELT LT :
o 5575 A (Hybrid Methods): XERAMFEN . RRAZZZEPN, ML G,
.
— EHA 28 9l GER MR SR AR TR M BT S iRk,



— M EMKXFEIERMAMRFR (WmRE R, MRREAD, JR 5 BN B8 10 4% 485K i 45
(410penFOAM, ABAQUS) o, $2THHTMGES). Xy “HIIRE KHIHERFE S

o MMIRFBZFEL I (Accelerating Scientific Discovery): MIZIEEARIEHE T & ISR AR ERE (H
“FFEEIE” BAERD, E2KNFFPDEE .

o SIATEHI S ¥ FIE4 (Real-time Control & Digital Twins): YIZRLF FIHHE 25 PDER fif 45 18 5 i)
B (AR FZRZ), ZEECEFEEHTHESMNREAST S, w3 TR A maELmn
NGRS

o TRBHEHEZXMEIRIT: HXGPU. TPUSE RS [ 1B THAIHIZE N 2% PDER i Rt — 2D 4
THHA A E G

3. ATEM 5k (Reliability & Challenges) iX /& H i BHAS # £ N 28 PDE J7 ¥2: K AU Tk 87 FH 1% 0
o HAFEMEZBICLT JUAS BP0 1] £

o IIZAFEE SYEL M (Training Instability & Convergence):

— WMZREREAT E2— DRI R R, ™ ERAIR AR S (o], BURREES). &5

Ru]EXE LA I
— fAE CREMIRT” IR ENACPDERZER, &AWL R0 F /W46 5 17T 5 & 18 5 22 2k

¥5E o) (Accuracy):
— EREEG A T (EMFEM. #7772 R EAER WA, 8% 75 EZE XKML/
ReL, MR ] RE ST T
— XWTHPAEFESEME B OB MR, sE Mg LT, w5 ARG

ITE MK A (Computational Cost):
— D ER R NS PDER s 1] RE T HEBUNTE Z]R, AL G775 R — AU 1)
AT RE AT L8t BARIIZRAF 5 AR R, (HEZINERA S .
— XK (KREGPUNAFME J)) i TS T ik,

IR RIEER S (Lack of Theoretical Guarantees):
— AEGHUE TTIRA 7E B KA PR S, RSt i, REM S REMIT el AE R
Do FRATAT LA A 08 AR 1R 22 Y T

— MAMBIE NBEER, CEGZ RIS RIE. RAITCEMUIAEMIIRZES 2K, WARITE
ISR R THUES M RES R S8 R G2 B 1B .

721X 811 (Generalization):

- AMERSE ST IIGIOBE, JOZ IR SR R B S, EAE S
PR T



Vil FFA 528

na FEaptt. s RO T TS, AL TR S 4 R0 ) &) T v K
R TG TTIRHIVE 2 IR

kS RETIE R BEM AR SR G ARG, ARG
FE IR RS % BIA SER R AR 07 T v ) LK.

gk BRIRIK, ROk RZIBRRIE. NEANTZE. HBEFIRA

fEHAESATEEERN T IH T P ERE.

HATEN RG 7 ENMTE, MR | FREGHRFMAR. SHRHEE EEE.
K BAERESHEE SUEMENIERTIRZERIT

AR GT IR R T bR,

4. BES5IFM

P28 Ry SRAPDEFT T — B A8 KT, ARIRATE B T AR — 24 o vt B35 V0 0 A e 1 I L 1) A
B, B ANEKMAFE TR, WY R TR IR

SR, AT AR, CILFERTEESELBREEHHFERE. A RSB er R4 S 8UE 5 ik
(FEM, FVM, FDM). MWE XK@ m THESRE: F)H 4R 2 0 B AL G 7R AL (s 4, 19 1)
L SHU), RN EEAE G5 7 VRS- A v] S CRAIE ARG FE SR v

w4, —MNREG TYIBRR KRR AN ZER. SREBEEGBS U AR, F2 R REHE R
FIIT e

1.5 BNANZFHERFHZNANIZIEZEHEDFIERER

HEHFMEM N T
BF: RERECATIR, PR 5 H AR
ZAR: AR T RIESEIL, IBRIB ML, IR
TH2: SR AIFEARATSEBE, FEREMANI W, WERSEEL, TR
WEEITEHF?
FEAZ XTI R ALEE: B, PR AT BB, XTSRS
FERCA IS BLGE: Bet, B RURSIK A K

Remark 1.5.1
HFFASABEN. HNFEAOANTATE: K& JUT 044,
SR EE BT AR,

o KE—AREM: %it, AMFAR? BALTILFHAR AT

o RE&H It —ARIMATHF. HTHUFA @B R0 & FHRAFK, HARDEEFZGRA, B
PR A RKIAT, RFTFoMU%, PrAL RKABEAT F %

o HHHFH, B E —ANFHAUTENAFE (Computer Science, CS), BABMBEA LFR, HdoiF
&, RANAHLERS B RGEERCS, 122 %7 B K % A AL F R ol R ey EAAHZF
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o FTAE—3 K, thdm® I K, 1RT LEScience, Arts FH CS =A 7 L@ it i+ A X A major,
A XA, FFARGANXAF, 27 L0HF, BRETRXGMAF, X5 aiEa Af
Z (B L8 Science). A (HH M MArts) fedkd (FAMF). PIAKFRAGELE, TAR
# Bachelor of Science 3% Bachelor of Arts M54z, HCHRLIHE, METFHRT@HOER, LR
EARMF S — 8, NRRH, ERAEARMAFE &, RHZEH,

o AT AR VAR Bt 42 Science, Arts, CS=/A~% 2@ kit EASE XA major, KL

o HHMMZFHAIM 2R TERY, RFHTEIMNERLAH K, RALHFENLHHLE A,
eI

o HHMAFIM A HEMBR, M TAE XREH, HH2R? BAXLHRRKTAELLZLEFGER, &
EXARB LV HF, tbdeC, JavaX RHAFEMHEK, LOIEBRIELZLE, HIEE

T E MM T F AL T RTA

RE = JUIT >= 941 > Git > it 45 /it B > i SRR 4o 142
AEXE
o M A, MERITF, Aot

o A, MAARME, PTAKKIIE, Javalt 4, FArtst X FFAk— SR, NEZHF,
FEF—ERLER S, FHIR, KA

o BRAIEAMAT, B

o HAMFMELAKR, EANFHAELMRA, BARM, HWARK, BANILLHREE, TAEHLAALT
B2

it BARSHARNTENER, RARKRARERA FHE, el LOMEHE, 2NETH
R @, REBHEMAGFILE, ZEFREK 2RRBEE)RF, EANERABBAN, ENA—FARKT R
R, PR AR LA T, —RALTR B ISR E. TREALAREBRRBUTRKAAET, Aroft
FREAMARE, ARHEERRGTHARE LRI IEFZG, FEBA, LR SHEEKC,

Remark 1.5.2 X X FRF ZKHEEIFER

Edm K R dn, REIUTRARKF O TR, SRRERX—AWHF RO TLEZ MK Bt Rk
TAFACTRIKFZ, FARK TUTESE T @A A FALFE L, KEBURLETZREATHRK: B
X RRREGFRBIAT X —F b, HARIERK, TUTESH X =T A RB N FIFHAR Y ik
Bl 5 A & RIF AT K, 2R T 04 2 BLEhL ) 2o 0t AT 55, b RA XA IE, KR BARLEHFLHT
TEegEA, tbde: B oA, S RS RS T A

o AR B A ATHE 248, THEIUT G @A A RFORE, ZRAXFNGE, KEBURE Fotf o sk
ZIFFFIRT — T LR AIG — T F 8 TR FRATAF 3] U,

RALZIRPRF I, EAIHG—HPRTF: MNFRE. S E5UTAHARER, BH—HA%EAH
TAMF LA ITER, F4BRHA— B RATERFRG T RMAAE RGBT IEPREF T —1269
iE, REBMBREFEN ) £ R W) ZARX—FHALERRFTHXIH B F L,

LRI AN ) ZFARETRAAARRT G, BAN) ZFREZREZOMRY. TEARAL KGR FL
AR RACHIEGBARARRRFELT . R ERITRHALIFG—LB F, LA RKFEFEARIL
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RS, A A DA REARF LR ERGE, REREBRALSHFX—F b, X—F ks
EAHACARE T EOHF, R RETFH A mERFERFRIEL A E, X—FHERERESF T
T,

BREKXSHAFAIXILZANOERINTELSATHETLT., TEVAAZGOIHALEPFHEE, B
HEF R FEEFI, RBESFXFRPRFREN, ERMNER FITAGRMNFRG—ANFL: St
R—FHR2REFIFHEFORBRGEOUEEAE T. LT2HR, BEX—F LY KZHR LR
Fo EAREH TR IR T L7 AR AL R AR Fag T B e a9 Ee, R FAF T RS IR )Tk 5
B 484E SR R AL FRFR L RB AR S K IRmE E A, PRAFOIEF ..

RE X — 5K AL 4R EFASE, AEDFHRFLLFIF. TR LT Mok, A
FRAFAA K, AR R R A N F, AMX— LT XA B BNt HFe— R %, i
HRAGEARBIE L, /ANFE T ATA R F LK, 2PAKIRE] — KRR, 27 BT, Aot
RBRI—ANELHATHEL, WNOITHESHT b, EHLZ9E—X, EFAH0MNEIET —EEF N
HH. EHATHEA FBh AL, RNT AR BT R R e iE . AT A

1.6 What are Partial Differential Equations

Partial Differential Equations (PDEs) are widely used in science and engineering.

The most general second-order PDE in two independent variables,  and ¢, takes the form
F(Q?, t7 Uy Uty Ugy Utt, Uga, uxt) =0.

However, F usually takes some particular form arising from physics, economy, etc. Some examples of PDEs
are:

ut + cuy, = 0 (transport).

Ut — gy = 0 (vibrating string).

ug — ¢*Au = 0 (vibrating drumhead or acoustic wave).

us — kug, =0 (diffusion).

cpuy = V- (kVu) (heat flow).

—ihuy = (h?/(2m))Au + (e?/r)u (hydrogen atom)

% + V- (pu) =0 (fluid or Navier-Stokes)

p(%f +uVu) = =Vp+ f

8. V- E = p/ey (Maxwell equations or electromagentic wave)

NS ot e

V-B=0

_ 9
VxE=-9
V x B = po(J +£097)

9. uy + 3022%Ugy + rau, —ru =0 (Black-Scholes)

See multiscale modelding in Fig. 1.1.

1.7 Linear and Nonlinear PDEs

Write the equation in the form Lu = 0, where L is an operator. The definition for linearity is
L(cu + dv) = cLu + dLwv,

12
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Figure 1.1: Multiscale modelding.

for any functions u,v and andy constants ¢, d. The equation
Lu =g,

is called a homogeneous linear equation for g = 0 whereas it is called a nonhomogeneous linear equation for
g # 0. A PDE that is not linear is a called a nonlinear PDE.

1.8 Three Classes of Linear Second-Order Equations

The general quasillinear second-order equation takes the form

m

Z ”3 3 +Zb +cu—f

Q=1
The equations are grouped into three classes according to the SPD matrix A = [a;;].

Hyperbolic equations include:

uy —a’Au = f, acoustic wave
up +au, = 0, advection
up +uu, = 0, invisid Burgers’ equation

13



Parobolic equations include:

Ut augz,, heat equation

Ut V- (kVu) + f, diffusion equation

Elliptic equations include:

Au = f, Poisson

Ay =0, Laplace

¢ijViViu+b;Viu = f, Kolmogorov-Backward
ViV,(ciju) + V;(bju) = f, Fokker-Planck

1.9 Boundary Conditions and Initial Conditions
The initial condition for wave equation is
u(z,0) = p(x),  w(z,0)=1(z).
The initial condition for the advection equation is
u(z,0) = p(x).

There is no boundary condition for Cauchy problem and the problem without boundary.

The Dirichlet boundary condition is

ulag = g.
The Neumann boundary condition is

2

O |02 = 9g.

The Robin boundary condition is

(2% 4 o =
on au)lon = g.

There is also periodic boundary condition. For the interface problem, more boundary conditions are proposed
on the interface.

In general, the goal of PDE is to 1) find the solution or properties of the solution of PDEs; 2) well-
posedness of the PDE problem, that is, existence, uniqueness, stability. For numerical PDEs, we theoretically
only focus on the error estimate.

Several techniques are required:

e maximum principles

e Fourier methods

e energy estimates

e Green’s functions

e Galerkin projection

14



1.10 Conservation Laws, Constitutive Relations, Dimensionless Anal-

ysis (Convection-Diffusion Equation)

1.10.1 Conservation Laws

Consider the balance of heat in an arbitrary subset Qy C @ with boundary I'y. The energy principle
says that the rate of change of the total energy in )y equals the inflow of heat through I'g plus the heat
power produced by heat sources inside £2g. To express this in mathematical terms we introduce some physical
quantities, each of which is followed, within brackets, by the associated standard unit of measurement.

With e = e(x,t) [J/m?] the density of internal energy at the point x [m] and time ¢ [s|, the total amount
of heat in Qo is [, e dx [J]. Further with the vector field j = j(z,t) [J/ (n®s)] denoting the heat flux and n
the exterior unit normal to I'g, the net outflow of heat through I'y is froj -n ds [J/s]. Introducing also the

power density of heat sources p = p(z,t) [J/(m®s)|, the energy principle then states that

d
—/ ed:r:—/j~nds+/ p dx.
dt Jo, ro Q0

Applying the divergence theorem we obtain
0
/ <6+V-j—p)dx:0, for £ > 0.
0, \ Ot
Since 0y C € is arbitrary this implies
de

E+V~j:pin9, for ¢t > 0. (1.1)

1.10.2 Constitutive Relations

The internal energy density e depends on the absolute temperature T [K] and the spatial coordinates,
and in our first constitutive relation we assume that e depends linearly on 7" near a suitably chosen reference

temperature Ty, that is,
e=eyg+o(T—Ty) =ey+ o, where 9 =T —T. (1.2)

The coefficient o = o(z) [J/(m®K)] is called the specific heat capacity. (It is usually expressed in the form
o = pc, where p [kg/m?| is mass density and ¢ [J/ (kg K)| is the specific heat capacity per unit mass.)
According to Fourier’s law the heat flux due to conduction is proportional to the temperature gradient,

which gives a second constitutive relation,
j=-=AVd.

The coefficient A = A(x) [J/(m K s)] is called the heat conductivity. In some situations (e.g., gas in a porous
medium, heat transport in a fluid) heat is also transported by convection with heat flux ve, where v = v(x, t)

[m/s] is the convective velocity vector field. The constitutive relation then reads
J=—=AV¥ 4 ve. (1.3)

Substituting (1.2) and (1.3) into (1.1) we obtain

og—f —V-(AV9)+V-(ovd)=¢q inQ, whereq=p—V-(vey), (1.4)

which is the heat equation with convection.

15



1.10.3 Boundary Conditions

In the modelling of heat conduction, the differential equation (1.4) is combined with an initial condition
at time t = 0,
U(z,0) = Vi(z),

and a boundary condition, expressing that the heat flux through the boundary is proportional to the difference
between the surface temperature and the ambient temperature, j-n = (9 —19,), where k = r(z,t) |J/(m?sK)]
is a heat transfer coefficient. Assuming that the material flow does not penetrate the boundary, i.e., v-n = 0,

we obtain from (1.3)

09
jon=-AVd-n=-A— onl.
on
Therefore, this results in a Robin boundary condition

oY
)\a—n—i—m(ﬁ—ﬁa)—o onT.

One limit case k = 0 means that the boundary surface is perfectly insulated, so that we have Neumann

boundary condition,

00 _
on

The other limit, letting k — oo, we obtain Dirichlet boundary condition

0.

¥ = v,

The limit case k = oo thus means that the body is in perfect thermal contact with the surroundings, i.e.,
heat flows freely through the surface, so that the surface temperature of the body is equal to the ambient
temperature.

Notice that one initial and two boundary conditions are needed for 1D interval problem.

1.10.4 Dimensionless Analysis

It is often useful to write the above equations in dimensionless form. Choosing reference constants L [m],

7 |s], ¢ K], o [3/(m3K)], vs [m/s], etc., we define dimensionless variables
t"=t/T, ¥ =x/L, u (", t") =0(x"L,t"T)/Iy.

In order to make the heat equation (1.4) dimensionless we divide it by Asd;/L? and we eventually obtain

a *
daztl* SV (aVRut) £ V- (but) = f, in QF,
where
d:[ﬂgfi7 azi, b:UfoLii7 :L2q.
T)\f Uf )\f )\f vaf )\fﬁf

It is natural to choose 7 = L%0s/\¢, so that d = 1 if ¢ = oy is constant. The dimensionless number
Pe = vsoyL/\y that appears in the definition of b is called Peclet’s number and measures the relative
strengths of convection and conduction The boundary condition and the initial condition transform in a

similar way.
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1.11 Mass Conservation and Continuity Equation

We derive the continuity equation from the mass conservation for the fluid,

to
/ (pli=ts — ple=t, )dz = —/ dt/ pv - nds.
D t oD

Using the Gauss Divergence Theorem, we arrive at

to ap
/t1 dt/D {at—&—v-(m})} dx = 0.

Since D and [t1,t2] are arbitrary, the continuity equation reads

ap B
E—FV-(/)U)—O.

constant velocity: % +v-Vp=0.

imcompressible: V - v = 0 so that the material derivative vanishes, % = % +v-Vp=0.

irrotational fluid: rot v =V x v = 0, irrotational flow implies potential flow v = V.

imcompressible + irrotational: V-v =V - V¢ = A¢ harmonic Laplace equation.

1.12 Variational Principle and Equivalence of Three Types of For-

mulation for Elliptic Problems

Let
1

J(v):f/(|Vv|2+v2)dx+1/ a(x)vzdsf/ fvd:cf/ guds,
2 Ja 2 Joa 0 o9

where a(z) > 0. Consider the following three problems:
I. (Variational Problem) Find u € H'(Q) such that

J(u) = min J(v).
veH(Q)

II. (Weak Form) Find v € H'(Q) such that

/Q(Vu Vo 4w — f)da +/ (a(z)uv — gv)ds = 0,

o0

for any v € H*(Q).
II. (Classical Solution) Find u € C?(2) N C(Q) satisfying

—Au+u=f, T € Q,
%+ afz)u=g, x€0N

Prove that problems I, I, III are equivalent when u € C?(Q) N C*(Q).

17



1.13 Normed Vector Spaces

A multi-indez o = (a1, . .., ayq) is a d-tuple where the «; are non-negative integers. The order (or length)
|a| of a multi-index « is defined by |a| = 2?21 ;. Given a function v : R? — R, we may write its partial

derivatives of order |af as
dlely
aq a2 Qg *
0x{" 0xy? - - - Oy

A linear partial differential equation of order k in ) can therefore be written

D% =

Z ao(x) D = f(x),

lee| <k
where the coefficients a, (z) are functions of z in 2. We also use subscripts to denote partial derivatives, e.g.,

ov 8%v
vy = Dyv = 5 Vpp = Div = ok

For Q C R? we denote by C(Q) the linear space of continuous functions on M, and for bounded continuous

functions we define the maximum-norm
[vllc) = sup [v(z)]. (1.5)
xeEM
When Q is a bounded and closed set, i.e., a compact set, the supremum in (1.5) is attained and we may write
lollo) = ma o)

For a not necessarily bounded domain 2 and k a non-negative integer we denote by C*(Q) the set of k
times continuously differentiable functions in Q. For a bounded domain  we write C*(Q) for the functions
v € C*(Q) such that DY € C(Q) for all |a| < k. For functions in C*(2) we use the norm

||U||ck((z) = lgl‘?gz ”DQUHC(Q)v
and the seminorm, including only the derivatives of highest order
[v|ck () = max D[l

When we are working on a fixed domain 2 we often omit the set in the notation and write simply ||v| ¢, |v|c*,
etc.

By CE(Q2) we denote the set of functions v € C*(£) that vanish outside some compact subset of €, in
particular, such functions satisfy D% = 0 on the boundary of 2 for |a| < k. Similarly, C§°(R?) is the set of
functions that have continuous derivatives of all orders and vanish outside some bounded set.

We say that a function is smooth if, depending on the situation, it has sufficiently many continuous
derivatives.

We also frequently employ the space L?(£2) of square integrable functions with scalar product and norm

) = [vwds, ol = (f o do)'”
Q Q
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For 2 a domain we also employ the Sobolev space H*(Q), k > 1, of functions v such that D € L*(Q) for

all |a| < k, equipped with the norm and seminorm

1/2
[vllae@) = Z D% )
lor| <k
1/2
\U|Hk(Q) = Z ||D%||2
la|=k

1.14 Numerical Methods

finite difference method
finite element method
finite volume method
spectral method
boundary integral method
mesh-free method

neural networks
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