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Abstract Solving partial differential equations (PDEs) on manifolds has broad
applications in various fields. In this paper, we develop a two-step generalized
radial basis function-generated finite difference (gRBF-FD) method for solving
PDEs on manifolds without boundaries, identified by randomly sampled point
cloud data. The gRBF-FD is based on polyharmonic spline kernels and mul-
tivariate polynomials (PHS+Poly) defined over the tangent space in a local
Monge coordinate system. The first step is to regress the local target function
using a generalized moving least-squares (GMLS) while the second step is to
compensate for the residual using a PHS interpolation. Our gRBF-FD method
has the same interpolant form with the standard RBF-FD but differs in inter-
polation coefficients. Our approach utilizes a specific weight function in both
the GMLS and PHS steps and implements an automatic tuning strategy for
the stencil size K (i.e., the number of nearest neighbors) at each point. These
strategies are designed to produce a Laplacian matrix with a specific coeffi-
cient structure, thereby enhancing stability and reducing the solution error.
We establish an error bound for the operator approximation in terms of the
so-called local stencil diameter as well as in terms of the number of data. We
further demonstrate the high accuracy of gRBF-FD through numerical tests
on various smooth manifolds from 1D to 4D.
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1 Introduction

Partial differential equations (PDEs) on manifolds have a wide range of appli-
cations in physics, biology, and engineering problems. For example, the appli-
cations include phase separation on biomembranes [17], liquid crystal align-
ment on deformable interfaces [55], morphogen transport on cell surfaces [5],
image processing on curved domains [9] and surface reconstruction [73], just
to list a few. These broad applications motivate the development of accurate
and efficient numerical solvers. In this paper, we focus on a type of mesh-free
approach based on local approximations using radial basis functions (RBFs)
and multivariate polynomials for solving PDEs on manifolds.

The early application of global RBF collocation methods for solving PDEs
can be traced back to Kansa’s method in 1990 [37]. Following this success, var-
ious RBF collocation methods were subsequently developed for solving PDEs
in Euclidean spaces and on manifolds [25,18,57,27,22,32]. With the dawn
of the 21st century, the local radial basis function-generated finite difference
(RBF-FD) method was introduced by several groups as a replacement of global
RBFs [63,66,70,11,69,61,41,23,62,36]. RBF-FD, as a local method, utilizes
both radial basis functions and multivariate polynomials to approximate func-
tions locally.

The principal advantages of both global RBF and local RBF-FD methods
include meshlessness, geometric flexibility, dimension independence, high-order
accuracy, and implementation simplicity [16,24,21]. However, RBF-FD is su-
perior to global RBF for the following reasons. (1) While powerful for small
problems (e.g., the number of points N < 104), global RBF methods do not
scale well to larger cases due to their expensive computational costs induced
by dense matrix systems [29]. However, RBF-FD employs sparse matrices en-
abling efficient scaling to relatively large problems (e.g., 104 < N < 106)
while maintaining high-order accuracy of solutions. (2) While global RBFs
face fundamental challenges such as ill-conditioned matrices and shape param-
eter tuning, RBF-FD, in contrast, achieves high accuracy by leveraging local
processing to handle these issues efficiently during local interpolation and dif-
ferentiation (see [27] and ref therein). (3) The global nature of RBFs makes
local refinement inefficient, while RBF-FD naturally supports adaptive node
placement via compact stencils without global reconfiguration [40]. (4) Solv-
ing dense and large-scale systems in global RBFs challenges parallelization,
whereas RBF-FD’s sparse structure readily accommodates modern parallel
computing frameworks [10,65]. (5) Global RBFs need specialized techniques
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like ghost points to handle boundaries [20,39,12,49], whereas RBF-FD main-
tains high accuracy without special techniques for boundaries as demonstrated
in references [7,6].

Other mesh-free collocation methods for solving PDEs include generalized
moving least-squares (GMLS) [46,30,42], graph-based approaches [43,44,28,
34,72], and generalized finite difference method (GFDM) [13,64,35,31], just
to name a few. Some characteristics of these methods are listed in [35] for
practical applications. In particular, GMLS method was early found as a pow-
erful tool for surface fitting [38] and was later extended to the solution of
partial differential equations [54,8]. The theoretical framework of GMLS was
established in [69,50] for linear functional approximations. We will review the
GMLS method on manifolds, which is based on local polynomial regression in
the tangent space [46,30,36,42]. In our numerical experiments, we will com-
pare our RBF-FD results with those from GMLS for approximating differential
operators and solving PDEs on manifolds.

In this work, we consider a two-step generalized RBF-generated finite dif-
ference (gRBF-FD) approach for solving screened Poisson equations on man-
ifolds without boundaries, identified by randomly sampled point cloud data.
The basic idea of gRBF-FD is to regress the local function using GMLS fol-
lowed by fitting the residual using an RBF interpolation. The first GMLS re-
gression step is to capture the smooth, leading Taylor’s expansion component
of the target function while the second RBF interpolation step is to compen-
sate for the expansion’s remainder contained within the residual. Compared
to standard RBF-FD, our gRBF-FD method employs the same interpolant
form but differs in the interpolation coefficients. In addition, for problems on
manifolds, we follow the tangent-plane method in [62,71,36], that is, local
polyharmonic spline kernels and polynomials (PHS+Poly) are both defined
over the projected tangent-space coordinates. It is natural for the tangent-
plane PHS+Poly method to approximate the local representation of a function
which is defined over the tangent space (see Sections 3.1 and 3.2). Moreover,
the tangent-plane method reduces the computational cost as seen from Remark
3.

Other innovations of this work can be summarized as follows.
• To stabilize the approximation, we employ a specific weight function [45,
46,42] in both GMLS regression and PHS interpolation steps to achieve a
Laplacian matrix that is nearly diagonally dominant. Here, we say a matrix
is nearly diagonally dominant if the absolute value of each diagonal entry is
relatively large compared to those of the off-diagonal entries (see Definition 2).
Numerical results demonstrate that the usage of the weight function ensures
the stability of the Laplacian matrix.
• The choice of the stencil size K for each point is important for randomly
sampled data. We propose an automatic strategy to tune the stencil size K at
each base point, delivering a numerically stable approximation of the discrete
Laplacian matrix with a small operator approximation error. Indeed, we aim
to select an appropriate K for each point that navigates a trade-off: an overly
small K leads to instability, while an unnecessarily large K increases the op-
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erator approximation error.
• Theoretically, we show the approximation error bound of our gRBF-FD
method in terms of the so-called stencil diameter for randomly sampled data.
We further show that the approximation error rate of RBF-FD is the same as
that of GMLS, which is of order ( logN

N )(l−1)/d. Here, N is the number of data
points, l is the polynomial degree, and d is the intrinsic dimension. Numeri-
cally, we observe that by enhancing the approximation space, PHS functions
in gRBF-FD help reduce both approximation and solution errors compared to
using GMLS.

The paper is organized as follows. In Section 2, we review the GMLS and
the tangent-plane RBF-FD approaches on manifolds. In Section 3, we present
the two-step gRBF-FD method for approximating the Laplace–Beltrami oper-
ator and also point out its relation to the standard RBF-FD. In Section 4, we
detail our numerical implementation, including normalization of the tangent-
plane coordinates, the specific weight function used in two steps, and the
auto-tuning strategy for the stencil size K. In Section 5, we report supporting
numerical results. We conclude the paper with a summary and several open
problems in Section 6. We include some proofs in Appendix A and Appendix
B.

2 Preliminaries

We consider a d-dimensional manifold M embedded in the ambient Euclidean
space Rn. For a point x ∈ M , the tangent space is denoted by TxM with
orthonormal basis {t1(x), . . . , td(x)}. Let f : M → R be a smooth function.

We are given a set of N distinct points XM = {xi}Ni=1 ⊂ M and the cor-
responding function values f = (f(x1), . . . , f(xN ))⊤. We briefly review the
GMLS and RBF-FD methods in Sections 2.1 and 2.2, respectively, for approx-
imating functions on manifolds using the set of scattered data points XM and
the function values f .

2.1 GMLS regression of functions on manifolds

We first briefly review the basic idea of the GMLS approach, which utilizes a
set of local polynomials to approximate functions on manifolds [46,30,35]. For
an arbitrary base point x0 ∈ XM ⊂ M , its K-nearest neighbors in XM are
denoted by Sx0 = {x0,k}Kk=1 ⊂ XM . The set Sx0 is referred to as a ”stencil”
(see e.g., [23,41]). By definition, x0,1 = x0 is the base point. Let Pl,d

x0
be the

space of local “intrinsic” polynomials with degree up to l in d variables at the
base point x0, i.e.,

Pl,d
x0

= span
{
pα (θ (x)) :=

d∏
i=1

θαi
i (x)

∣∣∣ 0 ≤ |α| ≤ l
}
, (1)
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where θ (x) is a projected coordinate system of the local tangent space Tx0M
with

θ (x) = (θ1(x), . . . , θd(x)), θi(x) = ti(x0) · (x− x0), i = 1, . . . , d. (2)

Here, α = (α1, α2, . . . , αd) ∈ Nd is the multi-index notation with |α| = α1 +

· · ·+ αd. By definition, the dimension of the space Pl,d
x0

is m =

(
l + d
d

)
.

Given K > m and fx0
:= (f(x0,1), ..., f(x0,K))⊤, we can define an operator

Ip : fx0
∈ RK → Ipfx0

∈ Pl,d
x0

such that Ipfx0
is the optimal solution of the

following moving least-squares problem:

min
f̂∈Pl,d

x0

1

2

K∑
i,j=1

λij

(
f(x0,i)− f̂(x0,i)

)(
f(x0,j)− f̂(x0,j)

)
, (3)

where [λij ]
K
i,j=1 is a symmetric positive-definite matrix. In most literature,

[λij ]
K
i,j=1 is taken to be a diagonal matrix in which the diagonal element λkk is

a positive weight function of the distance ∥x0,k − x0∥ (see e.g., [69,47,46,30,
36,42]). GMLS is a regression technique for approximating functions by solving
the above least-squares problem with a weighted ℓ2-norm. The solution to the
least-squares problem (3) can be represented as

f̂(x) := (Ipfx0
)(x) =

m∑
j=1

bjpα(j) (θ (x)) , x ∈ M, (4)

where each bj is the coefficient associated with the corresponding jth poly-
nomial basis function pα(j) (θ(x)). Denote the concatenated coefficients b =

(b1, ..., bm)⊤. Then the moving least-squares problem (3) can be formulated in
matrix-vector form as

min
b∈Rm

1

2
(fx0 − Pb)

⊤
Λ (fx0 − Pb) , (5)

where Λ = [λij ]
K
i,j=1 is the K × K positive-definite matrix and P is the

K × m Vandermonde-type matrix with components Pkj = pα(j) (θ (x0,k))

for 1 ≤ k ≤ K, 1 ≤ j ≤ m. Thus, these expansion coefficients b = (b1, ..., bm)⊤

satisfy the normal equation,

(P⊤ΛP )b = P⊤Λfx0
. (6)

The above normal equation admits a unique solution if P has full column rank
(rank(P ) = m).
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2.2 Local RBF-FD approximation of functions on manifolds using the
tangent plane method

In most previous studies on RBF-FD methods, the RBF interpolant was de-
fined over the Euclidean radial distance in Rn to approximate differential op-
erators on manifolds (see e.g., [61,41,56,3]). Recently, in order to approximate
the Laplace-Beltrami operator on manifolds, authors of [62,71,36] first con-
sider a PHS+Poly interpolant of the function f to the scattered data in the
stencil Sx0 using the so-called tangent-plane RBF-FD method as follows:

(Iϕpfx0
) (x) :=

K∑
k=1

akϕ (∥θ (x)− θ (x0,k) ∥) +
m∑
j=1

bjpα(j) (θ (x)) ,x ∈ M, (7)

where ϕ is the radial function, ∥ · ∥ is the standard Euclidean norm and pα(j)

are multivariate polynomials. Here, both the PHS radial function ϕ and the
polynomial pα(j) (equation (1)) are defined over the projected tangent-plane
coordinate θ (x) in (2). Notice that this is similar to GMLS on manifolds, in
which the polynomials are also defined over the projected coordinate θ (x) as
seen in (4). By definition, we have θ (x0,1) = θ (x0) = 0 to be center of the
projected coordinate system. One significant advantage of the tangent-plane
method, as noted in [36], is that it defines interpolation functions locally on
the tangent space of the manifold, which can simplify the calculation of their
derivatives. We will discuss this advantage later in Remark 3.

Common choices of the radial function ϕ include Polyharmonic spline
(PHS) function [23,36], Gaussian function [19], inverse quadratic function
[32], inverse multiquadric function [27] and Matérn class function [27]. For
most bell-shaped positive-definite RBFs, including the Gaussian and Matérn
classes, they contain a shape parameter that controls the flatness of the RBF.
In general, the shape parameter needs appropriate tuning in a certain range;
specifically, a small value achieves better accuracy but also results in an ill-
conditioned interpolation matrix. When the shape parameter is properly cho-
sen, the local RBF-FD can achieve the convergence results (see e.g., [61,41,
56,3]).

On the other hand, the U -shaped PHS function is attractive due to its
absence of the shape parameter. For RBF-FD methods, the PHS function has
been used together with polynomials in many studies (see e.g., [23,7,6,36]).
In this article, we focus on the following shape-parameter-free PHS function,

Polyharmonic spline (PHS) : ϕ(r) = r2κ+1, (8)

where the variable r is the radial distance and the PHS parameter κ ∈ N
controls the smoothness of ϕ. While some theories suggest using ϕ(r) = r2κ+1

in odd dimension, and ϕ(r) = r2κ log r in even dimension, that distinction may
not be necessary [23]. In the RBF-FD interpolant (7), the radial distance r is
taken to be the norm in Rd, i.e., r = ∥θ(x)− θ(x0,k)∥.
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Given data f(x0,k) at node x0,k (k = 1, . . . ,K), the expansion coefficients
are obtained by enforcing K interpolation conditions together with m addi-
tional moment conditions ensuring uniqueness:

(Iϕpfx0) (x0,k) = f(x0,k), for k = 1, . . . ,K,∑K
k=1 akpα(j) (θ (x0,k)) = 0, for j = 1, · · · ,m.

(9)

Denote the coefficients as a = [a1, a2, · · · , aK ]
⊤

and b = [b1, b2, · · · , bm]
⊤
. In

matrix form, the K +m conditions above can be written as[
Φ P
P⊤ 0

] [
a
b

]
=

[
fx0

0

]
, (10)

where P ∈ RK×m is defined in (6) and the symmetric Φ ∈ RK×K is defined
as

Φ =
[
ϕ(∥θ(x0,i)− θ(x0,j)∥)

]K
i,j=1

. (11)

For the well-posed linear system (10), its solution can be obtained using the
Schur complement of Φ by

a = Φ−1
(
I− P

(
P⊤Φ−1P

)−1
P⊤Φ−1

)
fx0

b =
(
P⊤Φ−1P

)−1
P⊤Φ−1fx0

.
(12)

For the PHS ϕ(r) = r2κ+1, the chosen parameter κ should be less than or
equal to the degree of the polynomial l as defined in (1). Under this constraint
on κ, it can be shown that Φ is conditionally positive definite on the subspace
satisfying the m moment conditions in (9) [33,69,36]. If the stencil points
satisfy rank(P ) = m, then the system (10) is non-singular and the PHS+Poly
interpolant is well-posed.

3 Two-step Generalized RBF-FD method

Motivated by the tangent-plane RBF-FD method in [36], we develop the gener-
alized RBF-FD (gRBF-FD) method for solving PDEs on manifolds, identified
by randomly sampled data. For gRBF-FD method, the local approximation
space matches that of the tangent-plane RBF-FD but the distinction lies in
how the expansion coefficients are calculated. That is, we still consider using
the PHS+Poly interpolant (7), in which both the PHS function and the poly-
nomials are defined over the projected coordinate system. It is natural, as the
geometry on the manifold M can be pulled back to define these functions on
the projected tangent space, which is spanned by the local d-dimensional coor-
dinates θ = (θ1, . . . , θd). We next introduce how we approximate the expansion

coefficients {ak}Kk=1 and {bj}mj=1 in (7).
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3.1 Approximation of the expansion coefficients in gRBF-FD method

The gRBF-FD method employs a two-step approximation for the target func-
tion f . For the first step, we apply the GMLS regression technique to approx-
imate the target function f . Then the coefficients b can be solved from the
normal equation in (6),

b =
(
P⊤ΛP

)−1
P⊤Λfx0

. (13)

This provides a first-step approximation to the function f and then the residual
of the GMLS approximation becomes

sx0
:= fx0

− (Ipfx0
)|Sx0

= fx0
− Pb,

where the operator (Ipfx0)(x) =
∑m

j=1 bjpα(j) (θ (x)) is defined in (4).

For the second step, we fit the above residual sx0
using the PHS interpolant,

that is,

(Iϕsx0) (x) =

K∑
k=1

akϕ (∥θ (x)− θ (x0,k) ∥) . (14)

The coefficients a = [a1, a2, · · · , aK ]
⊤

are determined by the interpolation
condition,

Φa = sx0
= fx0

− Pb = fx0
− P

(
P⊤ΛP

)−1
P⊤Λfx0

, (15)

where Φ is given by (11). Then we can compute the coefficients a as

a = Φ−1 (fx0 − Pb) = Φ−1
(
I− P

(
P⊤ΛP

)−1
P⊤Λ

)
fx0 . (16)

The basic idea of gRBF-FD is to regress the function using GMLS followed
by fitting the residual sx0 using the PHS interpolant. Intuitively, GMLS cap-
tures the smooth, leading component of the Taylor expansion of f , while PHS
compensates for the expansion’s remainder contained within the residual. As
a result, we arrive at a PHS+Poly interpolant for the gRBF-FD method,

(Iϕpfx0) (x) = (Iϕsx0) (x) + (Ipfx0) (x)

:=

K∑
k=1

akϕ (∥θ (x)− θ (x0,k) ∥) +
m∑
j=1

bjpα(j) (θ (x)) , x ∈ M,

(17)
where the coefficients a and b are determined by (16) and (13), respectively.
We note that this interpolant formulation is exactly the same as the one in
(7) for RBF-FD while the only difference comes from the evaluation of the
coefficients a and b.
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Remark 1 The relationship between RBF-FD and gRBF-FD can be revealed
by a direct comparison of the coefficients in (12) with those in (16) and (13).
Specifically, the coefficients a and b are identical for both methods if the
weight matrix in gRBF-FD is chosen as Λ = Φ−1. We therefore refer to this
more general formulation as the generalized RBF-FD method. Moreover, for
RBF-FD, those moment conditions in (9) admit a natural interpretation. By
applying the RBF interpolant to the residual, we arrive at the expression,

Φa = fx0 −P
(
P⊤Φ−1P

)−1
P⊤Φ−1fx0 . This follows immediately from equa-

tion (15) by selecting the weight Λ = Φ−1. Left multiplying both sides of this
equation by P⊤Φ−1 causes the right-hand-side term to vanish, yielding the
moment conditions: P⊤Φ−1Φa = P⊤a = 0.

Remark 2 There are many choices of the weight Λ = {λij}Ki,j=1 in the moving

least-squares (5) as shown in [69,46,30]. As reported in previous works [45,46,
35,42], the diagonal weight function,

ΛK = {λij}Ki,j=1, with diagonal entries λkk =

{
1, if k = 1
1/K, if k = 2, . . . ,K

,

(18)
can numerically provide a stable approximation to the Laplace-Beltrami op-
erator across various data sets. In the following, this weight is referred to as
the diagonal 1/K weight function. For the gRBF-FD method, we will focus on
this special weight function and compare its performance with other weight
functions (see Figs. 1 and 2 in the following Section 4.3 for the numerical
performance among different choices of Λ).

3.2 Monge parametrization

To facilitate the computation of local geometry, we employ a Monge parametriza-
tion of the local manifold near the base point x0 [51,58,46,36,30]. A local
coordinate chart for the manifold near the base point is defined using the
embedding map q,

x = q (θ1, . . . , θd;x0) = x0 +

d∑
i=1

θiti (x0) +

n−d∑
s=1

qs (θ1, . . . , θd)ns (x0) , (19)

where (θ1, . . . , θd) are the local coordinates as defined in (2), qs (θ1, . . . , θd) =
ns (x0) · (x − x0) (s = 1, . . . , n − d), and {ns}n−d

s=1 are the n − d orthonor-
mal vectors that are orthogonal to the tangent space Tx0M . This is known
as the Monge parametrization of manifold. This representation allows us to
express differential operators in terms of the local coordinates (θ1, . . . , θd),
which is essential for computing the Laplace–Beltrami operator in our mesh-
free framework.

Indeed, all above multivariate polynomials and polyharmonic spline func-
tions in RBF-FD (7) and gRBF-FD (17) are defined over the tangent plane
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and have been formulated as their local representations in local Monge coordi-
nates (θ1, . . . , θd). That is, the local representation of (Iϕpfx0) is (Iϕpfx0)◦θ−1 :

θ (U0) → R for some open set U0 ⊂ M , and the interpolant
∑K

k=1 akϕ (·) +∑m
j=1 bjpα(j) (·) is approximating the local representation of the target func-

tion f , which is defined over θ (U0). This is natural in differential geometry
because differentiating a function on a manifold requires pulling it back to a
local coordinate chart and then computing the derivative with respect to those
local coordinates.

Then the tangent vector bases for x ∈ Sx0
in the Monge coordinate system

can be calculated as

∂q

∂θk
= tk (x0) +

n−d∑
s=1

∂qs
∂θk

ns (x0) , for k = 1, . . . , d. (20)

Each component gij of the local Riemannian metric g = (gij)
d
i,j=1 for x ∈ Sx0

becomes

gij =

〈
∂q

∂θi
,
∂q

∂θj

〉
= δij +

n−d∑
s=1

∂qs
∂θi

∂qs
∂θj

, (21)

where δij is the Kronecker delta function. Let
(
gij
)d
i,j=1

be the inverse of the

metric tensor. Then we have the following properties in a Monge coordinate
system centered at x0:

Proposition 1 Let {U0; θ1, . . . , θd} be a Monge coordinate system centered at
x0 where U0 ⊂ M is an open neighborhood of x0 and M is a d-dimensional
manifold with Riemannian metric g. Then
(1) For all 1 ≤ i, j ≤ d, gij(x0) = gij(x0) = δij.
(2) For all 1 ≤ i, j, k ≤ d, Γ k

ij(x0) = 0.
(3) For all 1 ≤ i, j, k ≤ d, ∂kgij(x0) = 0.

Proof We notice that the embedding map (19) restricted on the base point
should be q|x0

= x0, which implies that all coordinates vanish at the base
point, that is, θ1|x0

= · · · = θd|x0
= 0 and q1|x0

= · · · = qn−d|x0
= 0. Also

notice that the tangent vector bases (20) should live in the tangent space at
the base point, which implies that the first-order derivative ∂qs

∂θk
|x0

= 0 for all
s = 1, . . . , n− d and k = 1, . . . , d. Then we obtain the property for the metric
gij :

gij(x0) =
(
δij +

n−d∑
s=1

∂qs
∂θi

∂qs
∂θj

)∣∣∣∣
x0

= δij ,

as well as for the inverse gij(x0) = δij . The derivative can be calculated as

∂kgij(x0) =
( n−d∑

s=1

∂qs
∂θi∂θk

∂qs
∂θj

+
∂qs
∂θi

∂qs
∂θj∂θk

)∣∣∣∣
x0

= 0.

Thus, by definition, Γ k
ij =

1
2g

km
(

∂gjm
∂θi

+ ∂gim
∂θj

− ∂gij
∂θm

)
, all the Christoffel sym-

bols vanish at the base point.
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In the next section, we will use these properties to simplify the calculation
of the Laplace-Beltrami operator.

3.3 Approximation of the Laplace-Beltrami operator

Our goal is to approximate the Laplace-Beltrami operator ∆M acting on a
function f at the base point x0 by a linear combination of the function values
in the stencil Sx0

, i.e., find the coefficients {wk}Kk=1 such that

∆Mf (x0) ≈
K∑

k=1

wkf (x0,k) . (22)

Arranging the coefficients at each point x0 ∈ XM ⊂ M into each row of a
sparse N ×N matrix LXM

, we can approximate ∆Mf at all points by LXM
f .

We now provide the calculation details for the coefficients {wk}Kk=1.

The Laplace-Beltrami operator can be formulated in the local Monge co-
ordinate system as

∆Mf =

d∑
i,j=1

1√
|g|

∂

∂θi

(√
|g|gij ∂f

∂θj

)
=

d∑
i,j=1

gij
(

∂2f

∂θi∂θj
− Γ k

ij

∂f

∂θk

)
,

where |g| = det(g) is the determinant of the Riemannian metric tensor and d
is the intrinsic dimension of manifold. The two formulas are equivalent for the
Laplace-Beltrami operator. Using Proposition 1, the Laplace-Beltrami opera-
tor at the base point can be simplified as

∆Mf (x0) =

d∑
i=1

∂2

∂θ2i
f (x0) := ∆θf (x0) . (23)

Here, we use ∆θ to denote the Laplace operator in the local Monge coordinate
chart, {U0;θ = (θ1, . . . , θd)}, where θ : U0 ⊂ M → V0 ⊂ Rd is a diffeo-
morphism onto an open subset of Rd. The local representation of f becomes
f ◦ θ−1 : θ (U0) → R. Indeed, for gRBF-FD, the linear combination of multi-
variate polynomials and PHS functions in the interpolant (17) approximates
the local representation f ◦ θ−1 in the local Monge coordinate chart (on the
tangent plane).

Then the Laplace-Beltrami operator at the base point can be approximated
using the gRBF-FD method,

∆Mf (x0) ≈ ∆θ(Iϕpfx0 ) (x0)

=

(
K∑

k=1

ak∆θϕ
(
∥θ (x)− θ

(
x0,k

)
∥
)
+

m∑
s=1

bs∆θpα(s) (θ (x))

)∣∣∣∣∣
x=x0

,
(24)
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where (17) has been used. Here, the first term in (24) can be calculated as

∆θϕ
(∥∥θ(x)− θ(x0,k)

∥∥) ∣∣∣
x=x0

=

d∑
i=1

∂

∂θi

[
(2κ+ 1)

∥∥θ(x)− θ(x0,k)
∥∥ 2κ−1

(θi(x)− θi(x0,k))
]

= (4κ2 + 2dκ+ d− 1)
∥∥θ(x0)− θ(x0,k)

∥∥ 2κ−1
,

(25)

where the PHS ϕ (∥θ (x)− θ (x0,k) ∥) = ∥θ (x)−θ (x0,k) ∥2κ+1 has been used.
The second term in (24) can be calculated as

∆θpα(s) (θ (x))
∣∣
x=x0

=

{
2, α(s) ∈ E,
0, α(s) /∈ E,

(26)

where the index set E is defined as

E =

(α1, · · · , αd) ∈ Nd|each αi ∈ {0, 2} (i = 1, . . . , d) and |α| =
d∑

j=1

αj = 2

 .

In fact, for the index in E, only one entry αi = 2 for some i ∈ {1, . . . , d} and
all the others are zero. Note that E contains d number of indices. Substituting
(25) and (26) into (24), we arrive at

∆Mf(x0) ≈
K∑

k=1

ak
(
4κ2 + 2dκ+ d− 1

) ∥∥θ(x0)− θ(x0,k)
∥∥ 2κ−1

+
∑

{ s|α(s)∈E }
2bs

:=
(
∆θϕx0

)
a +

(
∆θpx0

)
b,

(27)

where ∆θϕx0 ∈ R1×K with the kth entry given by (25) and ∆θpx0 ∈ R1×m

with d number of 2 and m − d number of 0. Substituting a (equation (16))
and b (equation (13)) into above (27), we obtain the coefficients in (22):

∆Mf(x0) ≈
K∑

k=1

wk f(x0,k)

=
[
(∆θϕx0 )Φ

−1
(
I− P (P⊤ΛP )−1P⊤Λ

)
+ (∆θpx0 )(P

⊤ΛP )−1P⊤Λ
]
fx0 .

(28)

Remark 3 Here we do not employ PHS functions defined in Euclidean coordi-
nates due to additional computational cost required to evaluate their deriva-
tives and the Laplace-Beltrami operator. In particular, let rx,k (x) = ∥x−x0,k∥
be the radial distance function defined for x ∈ Rn and then we compute the
first-order derivative of the PHS function as

∂

∂θj
ϕ (∥x− x0,k∥) =

∂

∂θj

(
r2x,k (x)

) 2κ+1
2 =

2κ+ 1

2
(rx,k (x))

2κ−1
∂r2x,k (x)

∂θj
.

Using the embedding map (19), we can calculate the derivative of the square
of the radial distance by

∂r2x,k (x)

∂θj
=

∂

∂θj

[
d∑

i=1

(
θi − θi(x0,k)

)2
+

n−d∑
s=1

(
qs − qs(x0,k)

)2]

= 2
(
θj − θj(x0,k)

)
+ 2

n−d∑
s=1

(
qs − qs(x0,k)

)∂qs
∂θj

,
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where we see that the calculation involves many derivatives of normal compo-
nents qs with respect to tangent components θj especially when the ambient
dimension n is large. In contrast, as seen from the first line of (25) for the
PHS function defined over the tangent plane, the first-order derivative does
not contain any term of ∂qs

∂θj
for s = 1, . . . , n − d and j = 1, . . . , d, which

simplifies our computation.

4 Application to solving screened Poisson problems

4.1 Screened Poisson problems on closed manifolds

In this section, we will show an application of the proposed two-step gRBF-FD
discretization method to solve screened Poisson problems on closed manifolds.
For a closed manifold M , we consider the following screened Poisson problem,

(a−∆M ) f = h, x ∈ M, (29)

where a > 0 and h are defined such that the problem is well-posed. Here, we
set the parameter a = 1 for simplicity. Numerically, we will approximate the
solution to the PDE problem (29) pointwisely on the scattered dataset XM ,
solving an N ×N linear algebra system

LXM ,IF := (I −LXM
)F = h, (30)

for F ∈ RN×1 to approximate the true solution f := (f(x1), . . . , f(xN ))⊤ ∈
RN×1. Here, h := (h(x1), . . . , h(xN ))⊤ ∈ RN×1 and LXM

∈ RN×N is a sparse
Laplacian matrix constructed from a discretization scheme, such as GMLS
and gRBF-FD. To verify the convergence, we define the forward error (FE)
for the operator approximation and the inverse error (IE) for the solution
approximation as

FE = max
1≤i≤N

|∆Mf (xi)− (LXM
f)i |, IE = max

1≤i≤N
|Fi − f(xi)|,

where LXM
f ∈ RN×1, (LXM

f)i is the ith component to approximate the value
of ∆Mf at xi, and Fi is the ith component of the numerical solution F.

In order to numerically verify the validity of operator approximation, sta-
bility and convergence, we test on a one-dimensional full ellipse example in
this section.

Example 1 Consider a 1D full ellipse in R2 parametrized by

x :=
(
x1, x2

)
= (cos θ, 2 sin θ) ∈ M ⊂ R2, (31)

defined with the Riemannian metric g = sin2 θ + 4 cos2 θ for 0 ≤ θ < 2π.
The true solution is set to be f = sin θ cos θ and the right-hand-side h :=
(1−∆M ) f can be calculated. Then, we approximate the numerical solution
F in (30) for the PDE problem in (29), subjected to the manufactured h.
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Numerically, the convergence is examined on the ellipse using the number
N = [400, 800, 1600, 3200, 6400] of dataset. Here, two types of dataset are
considered for convergence examination:
• Well-sampled data. The grid points are well-ordered and all consecutive
points have equal intrinsic distance in θ space (see Fig. 1(a)).

• Randomly sampled data. The data {θi}Ni=1 are randomly generated from an
independent and identical distribution with density p(θ) = θ/(4π2)+1/(4π) on

[0, 2π) in the intrinsic coordinate and then mapped to the point cloud {xi}Ni=1

via the parametrization (31) (see Fig. 1(d)).

4.2 Normalization of Monge coordinates

In our numerical implementation, several technical details need to be addressed
to ensure the stability and convergence using the gRBF-FD approach. First,
we need to normalize the Monge coordinates since the PHS function is sensitive
to changes in the magnitude of the input radial distance.

Definition 1 For a stencil Sx0
centered at the base point x0, its diameter

and radius are defined as

DK,max(x0) := max
1≤i,j≤K

∥θ (x0,i)− θ (x0,j) ∥,

RK,max(x0) := max
1≤k≤K

∥θ (x0,k)− θ (x0) ∥,

respectively, over the projected tangent space of x0.

To compute multivariate polynomials and PHS functions, we normalize the
Monge coordinates θ (x) and the radial distances rθ,k (x) := ∥θ (x)−θ (x0,k) ∥
in the tangent plane by the stencil diameter as follows,

θ̃(x) =
(
θ̃1(x), . . . , θ̃d(x)

)
,

r̃θ,k(x) =
∥∥∥θ̃(x)− θ̃(x0,k)

∥∥∥ ,
θ̃i(x) =

θi(x)

DK,max
=

ti(x0) · (x− x0)

DK,max
,

(32)

where the normalized quantities are scaled to lie in the interval [0, 1], that is,
0 ≤ ∥θ̃ (x) ∥ = ∥θ (x) /DK,max∥ ≤ 1 and 0 ≤ r̃θ,k (x) = rθ,k (x) /DK,max ≤ 1.
Here we use the shorthand DK,max for DK,max(x0). Then the coefficients in
(28) for approximating the Laplace-Beltrami operator become

∆Mf(x0) ≈
1

D2
K,max

[
(∆θ̃ϕ̃x0) Φ̃

−1
(
I− P̃ (P̃⊤ΛP̃ )−1P̃⊤Λ

)
+ (∆θ̃p̃x0)(P̃

⊤ΛP̃ )−1P̃⊤Λ
]
fx0 ,

(33)
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where P̃ ∈ RK×m, Φ̃ ∈ RK×K , ∆θ̃p̃x0 ∈ R1×m and ∆θ̃ϕ̃x0 ∈ R1×K are all
defined over the normalized Monge coordinates with components

P̃kj = pα(j)

(
θ̃(x0,k)

)
, [∆θ̃p̃x0

]j =

{
2, α(j) ∈ E

0, α(j) /∈ E
,

Φ̃ks = ϕ
(∥∥θ̃(x0,k)− θ̃(x0,s)

∥∥) ,
[∆θ̃ϕ̃x0 ]k = (4κ2 + 2dκ+ d− 1)

∥∥∥θ̃(x0)− θ̃(x0,k)
∥∥∥2κ−1

,

(34)

for j = 1, . . . ,m and k, s = 1, . . . ,K.

4.3 Weighted ridge regression for the inverse of the PHS matrix

Since the PHS matrix Φ̃ might be singular, we use a weighted ridge regression
or Tikhonov regularization for gRBF-FD to compute the inverse Φ̃−1 in (33),

min
ã∈RK

1

2

(
sx0 − Φ̃ã

)⊤
ΛK

(
sx0 − Φ̃ã

)
+

1

2
δ2∥ã∥2, (35)

where ΛK is the diagonal 1/K weight function defined in (18) and δ is the
regularization parameter. For the gRBF-FD method, the inverse Φ̃−1 in (33)
can be found by solving the normal equation to be,

Φ̃−1 := Φ̃†
ΛK

=
(
Φ̃⊤ΛKΦ̃+ δ2I

)−1

Φ̃⊤ΛK , (36)

Here, we set δ = 10−6 for a stable and unique inverse of Φ̃. Notably, we
emphasize that the choice of ΛK is very important for the stability of the
discretized Laplacian matrix as can be seen from Figs. 1 and 2. The weight ΛK

in this optimization problem (35) stabilizes the Laplacian analogous to its role
in the GMLS problem in (5) (see e.g., [46,35] for the numerical performance).

For comparison, we choose three GMLS methods and two types of RBF-
FD methods. The Laplace-Beltrami operator using GMLS methods can be
calculated by

∆Mf (x0) ≈
1

D2
K,max

((
∆θ̃p̃x0

) (
P̃⊤ΛP̃

)−1

P̃⊤Λ

)
fx0

, (37)

which corresponds to the GMLS part of equation (33). One may refer to [46,
30,36] for more calculation details. GMLS methods can be applied with three
different weight functions:
• GMLS-1/K. The first weight function is the diagonal 1/K as discussed in
equation (18) in Remark 2.
• GMLS-SW. The second is a diagonal smooth weight function with diagonal

entries λkk =
(
1− rk

R

)2
, where rk is defined as rk = ∥θ (x0,k) − θ (x0) ∥ and

R = 1.5RK,max, where RK,max is the stencil radius.
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(a) well-sampled data (b) coefficients, well-sampled (c) ∥L−1
XM ,I∥∞, well-sampled
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(d) random data (e) coefficients, random (f) ∥L−1
XM ,I∥∞, random
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Fig. 1 1D ellipse in R2. Comparison among GMLS (with three different weights), RBF-
FD and gRBF-FD. The upper panels are well-sampled data and the bottom panels are
random data. The left(a)(d), middle(b)(e), right(c)(f) columns correspond to the scattered
dataset, coefficient wk vs. kth nearest neighbor, ∥L−1

XM ,I∥∞ vs. N , respectively. We fix

K = 30, polynomial degree 4 and PHS parameter κ = 3.

• GMLS-Φ−1. For the third one, we take the weight Λ to be the inverse of the

symmetric PHS matrix, that is, Φ̃†
I :=

(
Φ̃⊤Φ̃+ δ2I

)−1

Φ̃⊤ for singular Φ̃ and

Φ̃−1 for invertible Φ̃. Here Φ̃ is defined in (34) and the δ2I term is used for
the uniqueness of the inverse of the singular Φ̃. Indeed, this set of Laplacian
coefficients corresponds to the GMLS part of the RBF-FD coefficients as can
be derived from equation (12).

While there are many gRBF-FD methods depending on the choice of weight
functions and radial basis functions, we here only consider the following two
typical gRBF-FD methods.

• RBF-FD. The RBF-FD approach follows from the review in Section 2.2
and references in [62,36]. The Laplacian coefficients can be constructed from
equation (33) by substituting Λ with the inverse of the PHS matrix, Φ̃−1.
When Φ̃ is invertible, its inverse can be calculated directly by Φ̃−1. When Φ̃ is
singular, its inverse can be approximated either from a pseudo-inverse based

on its singular values or from a ridge regression Φ̃†
I :=

(
Φ̃⊤Φ̃+ δ2I

)−1

Φ̃⊤.

Here we simply employ a common technique to approximate the inverse for
singular Φ̃.
• gRBF-FD using the 1/K weight. The Laplacian coefficients are calculated
exactly following equation (33) with the 1/K weight Λ = ΛK in (18) and

the specific inverse Φ̃−1 = Φ̃†
ΛK

in (36). The difference between RBF-FD and
gRBF-FD lies in the usage of the weight function. In particular, for gRBF-FD
using the 1/K weight, we allocate more weights to the base point than all
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other neighboring points in the first GMLS regression step as well as in the
second PHS interpolation step.

Figures 1(b)(e) display the Laplacian coefficient wk as a function of the
kth nearest neighbor for a fixed stencil. It can be seen that for GMLS-1/K
(blue) and gRBF-FD (magenta), the base point coefficient |w1| is significantly
larger than all other neighboring coefficients |wk| (k = 2, . . . ,K). We refer to
this characteristic as the central spike pattern of the coefficients wk). However,
for GMLS-SW (green), GMLS-Φ−1 (red), RBF-FD (cyan), their coefficients
are nearly uniform within a certain range across the stencil, with no central
spike pattern.

Figures 1(c) and 1(f) display the infinity norm of the inverse of the Lapla-
cian matrix, ∥L−1

XM ,I∥∞, for well-sampled data and randomly-sampled data,

respectively. Indeed, the quantity ∥L−1
XM ,I∥∞ reveals the stability of the Lapla-

cian matrix (see e.g., [2,67,28,35]). As shown in Fig. 1(c), for well-sampled
data, all values of ∥L−1

XM ,I∥∞ are bounded above by a constant, which implies

stability; in contrast, the values of GMLS-SW (green), GMLS-Φ−1 (red), and
RBF-FD (cyan) are significantly larger than those of GMLS-1/K (blue) and
gRBF-FD (magenta). However, for randomly-sampled data (Fig. 1(f)), the
values of ∥L−1

XM ,I∥∞ for GMLS-1/K (blue) and gRBF-FD (magenta) remain
a small constant; whereas those of the other three methods increase with N ,
potentially leading to their instability.

Moreover, a close connection can be observed between the pattern of co-
efficients wk and the value of ∥L−1

XM ,I∥∞. In particular, the coefficients for
GMLS-1/K and gRBF-FD exhibit the central spike pattern, resulting in a
small, constant ∥L−1

XM ,I∥∞ value and consequently demonstrating good sta-
bility. In fact, according to the Lax Equivalence Theorem, these numerical
observations will be connected to the convergence of the solution, as demon-
strated below in Fig. 2.

In Fig. 2(a) and Fig. 2(c), we illustrate the consistency of the Laplace-
Beltrami approximation and the convergence of the solution approximation for
well-sampled data. All the five methods show the consistency rate of O

(
N−3

)
as well as the super-convergence rate of O

(
N−4

)
. For well-sampled data or

quasi-uniform data, the convergence of GMLS has been numerically examined
[46,30,36,35], as has that of RBF-FD [61,23,41,36]. The super-convergence
phenomenon has also been discussed in [46].

For randomly-sampled data, the results become different among GMLS,
RBF-FD and gRBF-FD. All the five methods still show the consistency rate
of O

(
N−3

)
as expected (Fig. 2(b)). However, only GMLS-1/K and gRBF-

FD achieve convergent solutions on random data, exhibiting both small errors
and small error fluctuations. This good performance stems from the stability
of the approximate Laplacians as well as from the central spike pattern of
the coefficients wk. Consequently, employing the 1/K weight function is very
important for ensuring the stability and convergence for both the GMLS and
gRBF-FD approaches.
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(a) FE, well-sampled (b) FE, randomly-sampled
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Fig. 2 1D ellipse in R2. Comparison among GMLS (with three weight functions), RBF-
FD and gRBF-FD. The left panels are well-sampled data and the right panels are random
data. The upper panels are forward error (FE) vs. N while the bottom panels are inverse
error (IE) vs. N . We fix K = 30, polynomial degree 4 and PHS parameter κ = 3.

Fig. 3 1D ellipse in R2. (Left) Stencil diameter as a function θ for N = 400 points.
Plotted are the sizes of all stencils for well-sampled data (middle, light blue circles) and
random data (right, orange circles). Each circle is plotted with a center xi and a radius
DK,max(xi)/2. The circle plotted using dark blue (middle) and dark red (right) corresponds
to the largest stencil diameter. We fix K = 30, polynomial degree 4 and PHS parameter
κ = 3.
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In addition, Fig. 2 shows that the FEs for random data are nearly 10 times
those for well-sampled data. As shown in Lemma 2 and Theorem 1 below, the
FEs are of order O(Dl−1

K,max), where DK,max is the stencil diameter and l is
the polynomial degree. From Fig. 3, the largest stencil diameter for random
data is nearly twice that for well-sampled data. Therefore, theoretically, the
FEs for random data should be approximately 23 = 8 times larger. It is a
prediction that agrees well with our numerical observations.

4.4 Automatic specification of K-nearest neighbors

We now discuss an automated method of tuning the K-nearest neighbors for
our gRBF-FD method. This automatic tuning method can also be applied to
the GMLS method.

(a) coefficient (b) stability (c) eigenvalue
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Fig. 4 1D ellipse in R2 using random data. Shown are (a) the Laplacian coefficient wk vs.
kth nearest neighbor, (b) ∥L−1

XM ,I∥∞ vs. N , and (c) the leading 200 eigenvalues of LXM
for

different K neighbors. We fix polynomial degree 4 and PHS parameter κ = 3 for all panels.
In panels (a)(c), we use N = 1600 random data points.

Why do we need to tune K automatically?

We first note that relatively small K may provide unstable approximation
to the Laplacian. For the 1D ellipse example, we know that K should be
chosen such that K ≥ m = l + 1 = 5 if the polynomial degree is l = 4.
We now investigate the numerical performance for three values of K (≥ 5)
in terms of the Laplacian coefficients wk (Fig. 4(a)), the stability ∥L−1

XM ,I∥∞
(Fig. 4(b)), and the leading eigenvalues (Fig. 4(c)). For a relatively small value
of K (e.g., K = 10), the numerical results show the following closely connected
characteristics: a positive coefficient at the base point (w1 > 0) (Fig. 4(a)),
an unstable approximation to the Laplacian (Fig. 4(b)), and the presence of
spurious eigenvalues in the right half of the complex plane (Fig. 4(c)). Here,
the Laplace-Beltrami operator is negative semi-definite. For relatively large
values of K (e.g., 30, 60), the Laplacian approximation becomes stable and all
leading eigenvalues lie in the left half complex plane. Hence, avoiding relatively
small values of K is crucial for the successful implementation of the gRBF-FD
method (as well as the GMLS method).
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There are other minor reasons for auto-tuning K. For instance, a global
choice of K for all points might not be a good strategy, especially for randomly
sampled data. Also for random data, it can be challenging to getK right on the
first try, especially in three-dimensional or higher dimensional problems. Here,
we only conjecture some potential drawbacks of manually-tuned K, without
showing evidence or numerical validation.

(a) w1 (b) γ
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Fig. 5 1D ellipse in R2 using random data. Shown are (a) the coefficient of the center
point w1 vs. the stencil size K and (b) the ratio γ vs. K. In both panels (a) and (b), we
show the results on three different points. We fix the number of points N = 1600, polynomial
degree 4 and PHS parameter κ = 3.

How to automatically tune K?
As can be seen from Fig. 4, there is a close connection among the Laplacian

coefficients wk, the stability ∥L−1
XM ,I∥∞, and the leading eigenvalues. We hope

to reduce the upper bound of ∥L−1
XM ,I∥∞ as well as to ensure that all eigen-

values lie in the left half plane. However, it might not be easy to predict these
two properties of the Laplacian matrix before it is constructed. Fortunately,
we are able to control the central spike pattern of the Laplacian coefficients by
tuning the K for each point so that the Laplacian approximation is expected
to be stable.

Definition 2 To quantitatively characterize the central spike pattern, we de-
fine a ratio γ(xi) as

γ :=
|w1|

max2≤k≤K |wk|
,

for each xi ∈ XM . The Laplacian matrix generated by the GMLS or gRBF-
FD methods is said to be nearly diagonally dominant if the ratio is such that
γ ≥ γth = 3 for each point in XM .

Our goal is to find the parameter K such that the Laplacian coefficients
{wk}Kk=1 satisfy two conditions: a negative coefficient at the base point (w1 <
0) and a ratio γ exceeding a given threshold γth (γ ≥ γth). It can be seen
from Fig. 5(a) that the first condition (w1 < 0) can be easily satisfied for the



Two-step Generalized RBF-Generated Finite Difference Method on Manifolds 21

coefficient to be negative. This can be expected since the Laplace-Beltrami is
negative semi-definite. It can be further seen from Fig. 5(b) that the second
condition, γ ≥ γth, can also be satisfied when the threshold γth = 3. This
can be expected because assigning a higher weight to the base point in both
optimization problems (5) and (35) is designed to increase γ. The threshold
γth = 3 was chosen empirically because it consistently leads to a stable approx-
imation in our experiments. Moreover, in all numerical examples in Section 5,
we successfully found a parameter K for each base point that satisfies both
conditions: w1 < 0 and γ ≥ γth = 3.

Now we summarize the automatic tuning strategy of K as follows. For each
point, the parameter K is kept growing from an initial value K0 (> m) until
an appropriate K is identified such that a set of Laplacian coefficients {wk}Kk=1

satisfies both w1 < 0 and γ ≥ 3. Hence the Laplacian matrix becomes nearly
diagonally dominant for the GMLS-1/K and gRBF-FD methods.

(a) gRBF-FD (b) GMLS (c) IE vs. K
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Fig. 6 1D ellipse in R2 using random data. Comparison of IEs for different stencil size
K. Panels (a) and (b) display IE vs. N for gRBF-FD and GMLS, respectively. Panel (c)
displays IE vs. K using N = 1600 points. The errors are plotted with error bars obtained
from the standard deviations. We fix polynomial degree 4 and PHS parameter κ = 3. For
gRBF-FD (auto) and GMLS (auto), we set the initial K0 = 10.

What is the numerical performance of auto-tuned K?

In Fig. 6(a) and Fig. 6(b), we compare the performance of IEs between
manually-tuned K and auto-tuned K for the GMLS-1/K and the gRBF-FD,
respectively. It can be seen that a manually chosen large K(= 60) provides
large IEs, whereas a manually chosen small K(= 10) fails to maintain the
stability. In Fig. 6(c), we show IEs as a function of K for GMLS-1/K and
gRBF-FD. It can be observed that gRBF-FD (red solid) not only exhibits
smaller IEs than GMLS (blue solid) but is also less sensitive to variations
in K for K ≥ 20. This advantage of gRBF-FD primarily results from the
improved operator approximation and the enhanced stability using the 1/K
weight ΛK . It can be further observed from Fig. 6 that approaches using auto-
tuned K always provide smaller IEs than those using manually-tuned K for
both GMLS-1/K and gRBF-FD. Indeed, the auto-tuning strategy provides an
appropriate value of K that stabilizes the approximation and avoids unneces-
sary stencil growth for each point. Therefore, using auto-tuned K is important
for achieving good numerical performance of GMLS-1/K and gRBF-FD.
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4.5 GRBF-FD algorithm using auto-tuned K-nearest neighbors

Combining the computational techniques of the normalization of Monge co-
ordinates (Sec. 4.2), weighted ridge regression (Sec. 4.3), and auto-tuned K-
nearest neighbors (Sec. 4.4), we now provide our gRBF-FD algorithm with
auto-tuned K in Algorithm 1. The GMLS algorithm using auto-tuned K can
be applied similarly following the similar procedure.

Algorithm 1 gRBF-FD using auto-tuned K for the Laplace-Beltrami opera-
tor
1: Input: A point cloud {xi}Ni=1 ⊂ M , bases of analytic tangent vectors at each node

{t1(xi), . . . , td(xi)}Ni=1, the degree l of polynomials, the PHS smoothness parameter κ,

and a parameter K(= K0 > m) nearest neighbors where m =

(
l + d
d

)
is the number

of monomial basis functions {θα|0 ≤ |α| ≤ l}.
2: Set LXM

to be a sparse N ×N matrix with initial NK nonzeros.
3: for i ∈ {1, 2, ..., N} do
4: Set γ = 0 and w1 = 0.
5: while γ < 3 or w1 > 0 do
6: Find the K nearest neighbors of the point xi, denoted by the stencil Sxi =

{xi,k}Kk=1.
7: Compute the stencil diameter DK,max(xi) and the normalized Monge coordinates

θ̃
(
xi,k

)
using (32).

8: Construct the K by m Vandermonde-type matrix P̃ with entries P̃kj =

pα(j)

(
θ̃
(
xi,k

))
=
∏d

s=1 θ̃
αs(j)
s

(
xi,k

)
.

9: Construct the K by K PHS matrix Φ̃ with entries Φ̃ks = ∥θ̃
(
xi,k

)
− θ̃ (xi,s) ∥2κ+1.

10: Calculate the Laplacian coefficients {wk}Kk=1 by the formula in (33),

(w1, . . . , wK) =
1

D2
K,max

((
∆θ̃ϕ̃x0

)
Φ̃†

ΛK

(
I− P̃

(
P̃⊤ΛK P̃

)−1
P̃⊤ΛK

)
+
(
∆θ̃p̃x0

) (
P̃⊤ΛK P̃

)−1
P̃⊤ΛK

)
,

where Φ̃†
ΛK

is given (36), ΛK is given in (18), and ∆θ̃ϕ̃x0 and ∆θ̃p̃x0 are given in

(34).

11: Calculate the ratio γ(xi) =
|w1|

max2≤k≤K |wk|
to characterize the central spike pat-

tern at xi.
12: Increase the K by a small positive integer, e.g., 2.
13: end while
14: Arrange the Laplacian coefficients {wk}Kk=1 into the corresponding rows and columns

of LXM
.

15: end for
16: Output: The approximate operator matrix LXM

.

4.6 Error analysis for operator approximation

In this section, we provide the error estimate for the Laplace-Beltrami operator
approximation. Note that for quasi-uniform data, the error estimate is written
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in terms of the fill distance and separation distance (see e.g., [69,50,26,27,
30]). Here, for random data, we first write the error in terms of the stencil
diameter DK,max, and then relate it to the number of data points, N .

4.6.1 Error estimate in terms of the stencil diameter

The following local polynomial reproduction property is presented in terms of
the stencil diameter, in contrast to the definition using the fill distance in [69,
50]. For simplicity, we only consider the derivative to be the Laplace-Beltrami
operator.

Lemma 1 Consider a process that defines for each stencil Sx0 = {x0,k}Kk=1 a
family of function uk,∆ : M → R, 1 ≤ k ≤ K to approximate

∆Mf (x) ≈
K∑

k=1

uk,∆(x)f(x0,k) := ∆MIpfx0 (x) , (38)

for functions f ∈ Cl(M). Then we say that the process provides a local poly-
nomial reproduction of degree l on M if there exists a constant C1 > 0 such
that

(1)
∑K

k=1 uk,∆(x)p(x0,k) = ∆Mp(x), for all p ∈ Pl,d
x0
,x ∈ M ,

(2)
∑K

k=1 |uk,∆(x)| ≤ C1D
−2
K,max, ∀x ∈ M ,

(3) uk,∆(x) = 0 if ∥θ (x)− θ (x0,k) ∥ > DK,max.

For the first step of our gRBF-FD, the process satisfies the local poly-
nomial reproduction if we use the GMLS interpolant (4) with the regression
coefficients in (13) (see Appendix A). Then we have the interpolation result
following from Theorem 4.2 and Theorem 4.3 of [50].

Lemma 2 Define Ipfx0 (x) (equation (4)) and ∆MIpfx0 (x) (equation (38))
to be the GMLS approximation to f (x) and ∆Mf (x), respectively, using local
polynomials up to degree l. Let {uk,∆(x)} in (38) be a local polynomial repro-
duction of order l. Then for any f ∈ Cl+1(M) with l ≥ 2, there is an error
bound ∣∣f(x)− Ipfx0

(x)
∣∣ ≤ C2D

l+1
K,max(x0)

∣∣f ∣∣
Cl+1(M)

,∣∣∆Mf(x)−∆MIpfx0
(x)
∣∣ ≤ C̃2D

l−1
K,max(x0)

∣∣f ∣∣
Cl+1(M)

,

for all x ∈ M and some C2, C̃2 > 0. Here the semi-norm, |f |Cl+1(M) :=
max|α|=l+1 ∥Dαf∥L∞(M), is defined over M , where Dα denotes a general
multi-dimensional derivative with multi-index α.

To study the second step of gRBF-FD in (14), we next provide a local
reproduction property for a PHS function.
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Lemma 3 Let ϕ be a PHS function and its interpolant (14) satisfies Iϕ :
RK → Cl2 , where l2 denotes the smoothness of ϕ. Consider a process that
defines for each stencil Sx0

= {x0,k}Kk=1 a family of functions vk,∆ : M →
R, 1 ≤ k ≤ K to approximate

∆Ms (x) ≈
K∑

k=1

vk,∆(x)s(x0,k) := ∆MIϕsx0 (x) , (39)

for functions s ∈ Cl2(M). Then we say that the process provides a local PHS
weak reproduction on M if there exist C3, C4 > 0 such that

(1) for x ∈ M and φ =
∑K

k=1 c̃kϕ̃k ∈ Span{ϕ̃1, . . . , ϕ̃K},

|∆MIϕφx0
(x)−∆Mφ(x)| =

∣∣∣∣∣
K∑

k=1

vk,∆(x)φ(x0,k)−∆Mφ(x)

∣∣∣∣∣
≤ C3δ

2D−2
K,max max

1≤k≤K
|c̃k| ,

where δ is the regularization parameter in (35) and ϕ̃k(x) = ϕ(∥θ̃ (x)−θ̃ (x0,k) ∥) =
ϕ(∥θ (x)− θ (x0,k) ∥/DK,max) for k = 1, . . . ,K,

(2)
∑K

k=1 |vk,∆(x)| ≤ C4D
−2
K,max, ∀x ∈ M ,

(3) vk,∆(x) = 0 if ∥θ (x)− θ (x0,k) ∥ > DK,max.

Here, C3, C4 are independent of the stencil diameter DK,max, but depend on
the regularization parameter δ.

We partially prove the above Lemma 3 and examine some of the results by
numerical verification. See Appendix A in detail.

Theorem 1 Let Iϕpfx0
(x) in equation (17) be the gRBF-FD approximation

to f (x) using local polynomials up to degree l and radial basis functions with
smoothness l2 ≥ l. Let {uk,∆(x)} in (38) be a local polynomial reproduction of
order l and let {vk,∆(x)} in (39) be a local PHS weak reproduction. Then for
any f ∈ Cl+1(M) with l ≥ 2, there is an error bound∣∣∆Mf(x)−∆MIϕpfx0 (x)

∣∣ ≤ C5D
l−1
K,max(x0)

∣∣f ∣∣
Cl+1(M)

, (40)

for all x ∈ M and some C5 > 0.

Proof Define the residual function s(x) = f(x) − Ipfx0
(x) for the first step

using the GMLS regression. Using the gRBF-FD interpolant (17), we have the
error bound∣∣∆Mf(x)−∆MIϕpfx0 (x)

∣∣ = ∣∣∆Mf(x)−∆MIpfx0 (x)−∆MIϕsx0 (x)
∣∣

=
∣∣∆Ms(x)−∆M (Iϕsx0

) (x)
∣∣,
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where sx0 = s(x)|x∈Sx0
∈ RK . Let φ ∈ Span{ϕ̃1, . . . , ϕ̃K} be an arbitrary

function spanned by the K-dimensional subspace. Then the error bound be-
comes

|∆Mf(x)−∆MIϕpfx0 (x)|
≤|∆Ms(x)−∆Mφ(x)|+ |∆Mφ(x)−∆M (Iϕφx0 )(x)|+ |∆M (Iϕφx0 )(x)−∆M (Iϕsx0 )(x)|

≤|∆Ms(x)−∆Mφ(x)|+ |∆Mφ(x)−∆M (Iϕφx0 )(x)|+
K∑

k=1

|vk,∆(x)| |φ(x0,k)− s(x0,k)|

≤∥∆Ms−∆Mφ∥L∞(D) + C3δ
2D−2

K,max max
1≤k≤K

|c̃k|+ C4D
−2
K,max∥φ− s∥L∞(D). (41)

where D = B(x0,RK,max(x0)). In the last inequality, we have used the prop-
erties in Lemma 3. Now we choose φ to be

φ = arg min
φ̂∈Span{ϕ̃1,...,ϕ̃K}

∥∆Ms−∆M φ̂∥L∞(D) + C4D
−2
K,max∥φ̂− s∥L∞(D).

Notice that the optimal value must be less than the objective function with
φ̂ = 0,

∥∆Ms−∆Mφ∥L∞(D) + C4D
−2
K,max∥φ− s∥L∞(D)

≤ ∥∆Ms∥L∞(D) + C4D
−2
K,max∥s∥L∞(D)

≲ D l−1
K,max |f |Cl+1(M),

(42)

where the results in Lemma 2 have been used.

Next we estimate the second error term of (41). From (42), we see that

∥φ− s∥L∞(D) ≲ Dl+1
K,max

∣∣f ∣∣
Cl+1(M)

.

Since ∥s∥L∞(D) ≲ Dl+1
K,max

∣∣f ∣∣
Cl+1(M)

using Lemma 2, we have that ∥φ∥L∞(D) ≲

Dl+1
K,max

∣∣f ∣∣
Cl+1(M)

and each |c̃k| ≲ Dl+1
K,max

∣∣f ∣∣
Cl+1(M)

. Then the second term

in (41) can be bounded by

C3δ
2D−2

K,max max
1≤k≤K

|c̃k| ≲ δ2Dl−1
K,max

∣∣f ∣∣
Cl+1(M)

. (43)

Substituting (42) and (43) into (41), we arrive at the desired error bound
in (40). In particular, if the second error term (43) is negligible, then the error
bound becomes∣∣∆Mf(x)−∆MIϕpfx0(x)

∣∣
≤ inf

φ̂∈Span{ϕ̃1,...,ϕ̃K}

{
∥∆Ms−∆M φ̂∥L∞(D) + C4D

−2
K,max∥φ̂− s∥L∞(D)

}
≤ C5D

l−1
K,max |f |Cl+1(M).
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4.6.2 Error estimate in terms of the number of data

We now estimate the error bound in terms of the number of data.

Lemma 4 For some integer K and define the stencil diameter DK,max (x0)
and stencil radius RK,max (x0) as in Definition 1 for each base point x0. As-
sume that there exists a constant CK > 0 such that RK,max(xi) ≤ DK,max(xi) ≤
CKRK,max(xi) for all stencils {Sxi

}Ni=1. Let x1, . . . ,xN be i.i.d. random sam-
ples from the distribution Q with the density q ∈ L1(M) such that

∫
M

q(x)dV (x) =
1 and q ≥ qmin > 0 for some positive qmin. Then, we have for each xi and all
δ > 0,

PXM∼Q(RK,max(xi) > δ) ≤ exp(−qminCd(N −K)δd),

where Cd is a constant depending on the dimension d. Moreover, with proba-
bility higher than 1− 1

N , we have

RK,max(xi) = O

((
logN

N

) 1
d

)
, DK,max(xi) = O

((
logN

N

) 1
d

)
,

where the constant in the big-oh is independent of N . Subsequently, we also
have

EDK,max(xi) = O

((
logN

N

) 1
d

)
, σ (DK,max(xi)) = O

((
logN

N

) 1
d

)
,

where the expectation E and the standard deviation σ are taken with respect to
the distribution of DK,max(xi) at a fixed xi across different samplings of the

point cloud data {xi}Ni=1 ⊂ M .

Proof See Appendix B.

Using the results in Theorem 1 and Lemma 4, we arrive at the following
the error bound in terms of the number of data.

Theorem 2 Suppose that the conditions and assumptions in Theorem 1 and
Lemma 4 hold. Then for any f ∈ Cl+1(M) with l ≥ 2, there is an error bound

∣∣∆Mf(x)−∆MIϕpfx0 (x)
∣∣ = O

((
logN

N

) l−1
d

)
, (44)

for all x ∈ M , where the constant in the big-oh error bound is independent of
N .
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5 Numerical experiments

To support the performance of gRBF-FD, we present numerical results for
solving the screened Poisson equations in (29) across various manifolds, iden-
tified by randomly sampled point clouds. We also compare with the results
using the GMLS method. For all examples below, the manifolds are assumed
to be known with analytic tangent planes. We fix the PHS parameter to be
κ = 3. For both GMLS and gRBF-FD, we apply the auto-tuned K-nearest
neighbors starting from an initial value K0, as detailed in Section 4.4 and
Algorithm 1.

This section is organized as follows. In Sections 5.1 and 5.2, we examine
the numerical performance on two 2D smooth surfaces: a red blood cell (RBC)
and a bumpy sphere (BSP), respectively. In Section 5.3, we report the numer-
ical results on two higher-dimensional manifolds, a 3D flat torus embedded in
R12 and a 4D flat torus embedded in R16. In Section 5.4, we verify the per-
formance on Stanford bunny and armadillo models. The following numerical
results demonstrate that our gRBF-FD approach can persistently provide sta-
ble and convergent solutions with smaller errors than GMLS across multiple
trials of randomly sampled data points.

5.1 Red blood cell

Consider a red blood cell (RBC) with the parametrization:

x =

(
r cos θ cosϕ, r cos θ sinϕ,

1

2
sin θ

(
c0 + c2 cos

2 θ + c4 cos
4 θ
))

, (45)

where −π/2 ≤ θ ≤ π/2, −π ≤ ϕ < π, r = 3.91/3.39, c0 = 0.81/3.39, c2 =
7.83/3.39 and c4 = −4.39/3.39, which is the same as the RBC in [27]. In our
numerical experiment, we set the true solution to be f = cos2(θ) and then we
can calculate the RHS h := (1−∆M ) f . Next, we approximate the numerical
solution for the PDE problem subjected to the manufactured h. Numerically,
the points {xi}Ni=1 are generated from the parametrization (45) using randomly
sampled {θi, ϕi}Ni=1.

In Fig. 7, we plot the FEs and IEs as a function of N over 4 independent
trials. It can be seen that the FEs decrease on the order of N−(l−1)/2 for both
GMLS and gRBF-FD. This error rate is in good agreement with the theoretical
one in (44). It can be further observed that the IEs for l = 2 and l = 4 decay
with respective rates N−1 and N−2, which are half an order faster than the
corresponding FEs. This reveals that the IEs possess the super-convergence
phenomenon, as also observed in [46,35,42]. Moreover, it can be seen that the
IEs of gRBF-FD are smaller than those of GMLS by factors of approximately
10% and 20% for l = 2 and l = 4, respectively.
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Fig. 7 2D RBC in R3 using random data. Shown are (a) FEs vs. the number of points
N and (b) IEs vs. N . We show the results using different polynomial degrees l = 2, 4. We
fix the PHS parameter κ = 3 and the initial K0 = 40.

5.2 Bumpy sphere

We consider a smooth but complex surface, bumpy sphere (BSP), parameter-
ized by

x = (x1, x2, x3) = (r(θ, ϕ) sin θ cosϕ, r(θ, ϕ) sin θ sinϕ, r(θ, ϕ) cos θ) , (46)

where 0 ≤ θ ≤ π, 0 ≤ ϕ < 2π and r(θ, ϕ) = 1+0.1(sin7 4θ)(sin 4ϕ). This surface
exhibits C6 smoothness at the two poles and C∞ smoothness elsewhere. Its
geometric complexity arises from the rapidly varying curvature in some regions
(see Fig. 8(a)). In our numerical experiment, we set the true solution to be
the third coordinate of the surface f = x3 and then construct the RHS h :=
(1−∆M ) f . The points are generated randomly from the parameterization
(46) in intrinsic coordinates, where (θ, ϕ) are i.i.d. sampled with the density
p(θ, ϕ) = sin θ

4π on [0, π]× [0, 2π).
In Fig. 8 (a), we show the surface of bumpy sphere as well as the true

solution with its value color coded. In panels (b)(c), we plot FEs and IEs as
functions of N over 4 independent trials. It can be seen that FEs for both
GMLS and gRBF-FD decay on the order of N−(l−1)/2, which agrees with the
theoretical prediction. Again, the IEs still decay half an order faster than the
FEs. Moreover, gRBF-FD achieves smaller errors than GMLS in both operator
and solution approximations.

5.3 Flat tori

We consider a 3-dimensional flat torus embedded in R12 with the parameteri-
zation,

x =
1√

12 + 22

 cos(ϕ1), sin(ϕ1), cos(2ϕ1), sin(2ϕ1),
cos(ϕ2), sin(ϕ2), cos(2ϕ2), sin(2ϕ2),
cos(ϕ3), sin(ϕ3), cos(2ϕ3), sin(2ϕ3)

 , (47)



Two-step Generalized RBF-Generated Finite Difference Method on Manifolds 29

(a) Bumpy sphere (b)FE (c) IE

10
4

10
5

10
-2

10
-1

10
0

10
1

GMLS (degr 2)

GMLS (degr 4)

gRBF-FD (degr 2)

gRBF-FD (degr 4)

10
4

10
5

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

GMLS (degr 2)

GMLS (degr 4)

gRBF-FD (degr 2)

gRBF-FD (degr 4)

Fig. 8 2D BSP in R3 using random data. (a) The true solution f = x3 with its value
color coded. Shown are (b) FEs vs. N and (c) IEs vs. N . In both panels (b) and (c), we
show the results with polynomial degree l = 2, 4. We fix the PHS parameter κ = 3 and the
initial K0 = 40.

with 0 ≤ ϕ1, ϕ2, ϕ3 < 2π. The Riemannian metric is given by a 3× 3 identity
matrix I3. The true solution f is set to be f = sin(ϕ1) sin(ϕ2) sin(ϕ3). Numer-
ically, the points {xi}Ni=1 are generated from the parametrization (47) using

randomly sampled {ϕ1, ϕ2, ϕ3}Ni=1 with the uniform distribution on [0, 2π)
3
.

We use the degree l = 2, 4 and the initial K0 = 60 nearest neighbors for
illustrating the convergence of solutions.

As shown in Fig. 9(a), the FEs decay at the rate N−(l−1)/3 for both GMLS
and gRBF-FD, which is consistent with the theory in (44) for dimension d = 3.
As shown in Fig. 9(b), the solutions again show super-convergence, that is, IEs
decay with respective rates N−2/3 and N−4/3 for l = 2 and l = 4. Moreover,
the IEs of gRBF-FD are approximately 30% and 40% of the GMLS errors for
l = 2 and l = 4, respectively.
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Fig. 9 3D flat torus in R12 using random data. Shown are (a) FEs vs. N and (b) IEs
vs. N . In both panels (a) and (b), we show the results with polynomial degree l = 2, 4. We
fix the PHS parameter κ = 3 and the initial K0 = 60.
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We further consider a 4-dimensional flat torus embedded in R16 with the
parameterization,

x =
1√

12 + 22


cos(ϕ1), sin(ϕ1), cos(2ϕ1), sin(2ϕ1),
cos(ϕ2), sin(ϕ2), cos(2ϕ2), sin(2ϕ2),
cos(ϕ3), sin(ϕ3), cos(2ϕ3), sin(2ϕ3),
cos(ϕ4), sin(ϕ4), cos(2ϕ4), sin(2ϕ4),

 , (48)

where 0 ≤ ϕ1, ϕ2, ϕ3, ϕ4 < 2π. The Riemannian metric is given by a 4×4 iden-
tity matrix I4. The true solution f is set to be f = sin(ϕ1) sin(ϕ2) sin(ϕ3) sin(ϕ4).
We did not test with polynomial degree l = 4 due to the large number of mono-
mial basis functions required compared to the 2D examples above. We use the
polynomial degree l = 3 and the initial stencil size K0 = 75 nearest neighbors
for illustrating the convergence of solutions. It can be seen from Fig. 10 that
FEs and IEs both decay with the rate N−1/2, which agrees with the theory
in (44). The IE of gRBF-FD is still smaller than that of GMLS, despite its
larger FE.

Moreover, we numerically examine the stability of both approaches when
N = 40000. In our implementation, we use the command eigs(LXM

,6,10)

in MATLAB to compute the leading six eigenvalues close to 10. Then the
leading eigenvalues of GMLS are 0, -1.30, -1.30, -1.30, -1.30, -1.30 while the
leading ones of gRBF-FD are 0, -1.21, -1.21, -1.21, -1.21, -1.21. No spurious
eigenvalues are observed in the right half of the complex plane. These numerical
eigenvalues are approximations of the analytic true eigenvalues of the 4D flat
torus, 0, -1, -1, -1, -1, -1 (see e.g., [32]).

(a) FE (b) IE
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Fig. 10 4D flat torus in R16 using random data. Shown are (a) FEs vs. N and (b) IEs
vs. N . In both panels (a) and (b), we fix the polynomial degree l = 3, the PHS parameter
κ = 3 and the initial stencil size K0 = 75.
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5.4 Bunny and Armadillo models

We now consider solving the elliptic problems on the Bunny and Armadillo
models which are both two-dimensional surfaces embedded in R3. The data of
these two models are downloaded from the Stanford 3D Scanning Repository
[1]. The original dataset of the Bunny comprises a triangle mesh with 34,817
vertices and the Armadillo comprises a triangle mesh with 172,974 vertices. To
resolve the singular regions of the original dataset, we first generate new meshes
of the surfaces using the Marching Cubes algorithm [48] that is implemented in
MeshLab [14]. Notice that the Marching Cubes algorithm does not smooth the
surface. We will compare the solutions among surface finite element method
(FEM), GMLS, and gRBF-FD on smoothed surfaces for both Bunny and
Armadillo models. Then, we use the Screened Poisson surface reconstruction
algorithm to smooth the surfaces that fit the point clouds of models. Next,
we apply the Poisson-disk sampling algorithm via the Meshlab to generate
point clouds over the surfaces. Subsequently, new meshes could be obtained
by using the Marching Cubes algorithm again. As a result, we generate a point
cloud of N = 34, 596 points over the Stanford Bunny model and generate N =
172, 974 points over the Stanford Armadillo model. For the Armadillo model,
we normalize its dataset into a unit box [0, 1]3 for computational convenience.
Finally, after all above processes, we use MeshLab to clean the vertices and
meshes of the two models for further application in FEM.

(a) FEM solution (b) GMLS (c) gRBF-FD

Fig. 11 Bunny example. N = 34, 596. (a) FEM solution as a reference. (b) Pointwise
absolute difference between FEM and GMLS with degree l = 4 and K0 = 41-nearest neigh-
bors. (c) Pointwise absolute difference between FEM and gRBF-FD with l = 4 and K0 = 41.
GMLS and gRBF-FD both have maximum norm differences of 0.018 and relative differences
of 2.4%.

We solve the PDE problem in (29) with a = 1 and f = 0.6(x1 + x2 + x3)
for both models. Here we have no access to the analytic true solutions due to
the unknown embedding functions. For comparison, we take the FEM solution
obtained from the FELICITY FEM Matlab toolbox [68] as the reference (see
Fig. 11(a) for Bunny and Fig. 12(a) for Armadillo). For GMLS and gRBF-
FD, the used parameters can be found in the captions of Figs. 11 and 12. For
Bunny, it can be seen from Figs. 11(b) and (c) that GMLS and gRBF-FD
show comparable results, both with maximum norm differences of 0.018 and
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(a) FEM solution (b) GMLS (c) gRBF-FD

Fig. 12 Armadillo example. N = 172, 974. (a) FEM solution as a reference. (b) Point-
wise absolute difference between FEM and GMLS with degree l = 4 and K0 = 41-nearest
neighbors. GMLS has the maximum norm difference of 7.4 × 10−4 and the relative differ-
ence of 0.41%. (c) Pointwise absolute difference between FEM and gRBF-FD with l = 4
and K0 = 41. GRBF-FD has the maximum norm difference of 5.9 × 10−4 and the relative
difference of 0.33%.

relative differences of 2.4%. For Armadillo, it can be seen from Figs. 12(b) and
(c) that the absolute difference between the FEM and the gRBF-FD is slightly
smaller that of FEM and GMLS. For GMLS, the maximum norm difference is
7.4× 10−4 and the relative difference is 0.41%. For gRBF-FD, the maximum
norm difference is 5.9× 10−4 and the relative difference is 0.33%.

6 Conclusions

In this paper, we considered a two-step generalized RBF-FD approach for solv-
ing screened Poisson problems on smooth manifolds, identified by randomly
sampled point clouds. In the first step, we applied a GMLS regression to cap-
ture the smooth, leading component in the Taylor’s expansion of the target
function f . In the second step, we employed a PHS interpolation to handle
the residual from the GMLS regression, which contains the high-order remain-
der of the Taylor’s expansion. We established the error bound of gRBF-FD
in Theorem 2 for the consistency analysis of the Laplace-Beltrami operator,
demonstrating that the method can achieve arbitrary-order algebraic accuracy
on smooth manifolds. For the stability of the Laplacian matrix, we employed
both GMLS regression and PHS interpolation within a weighted norm which
assigns a larger weight to the base point. Moreover, we proposed an auto-
mated method of tuning the K-nearest neighbors, thereby preventing the in-
stability caused by a small K. Once K is auto-tuned, the resulting Laplacian
matrix becomes nearly diagonally dominant, leading to a numerically stable
approximation. Combining the weighted norm and auto-tuned K technique,
we provided supporting numerical examples to verify the convergence of solu-
tions. Numerically, our gRBF-FD approach performs well for i.i.d. randomly
sampled data on manifolds—outperforming the GMLS approach.

Several open questions remain for future investigation. First, our study
used the PHS function in the second step of the gRBF-FD approach to enable
a fair comparison with the standard RBF-FD method, which also typically
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uses this parameter-free function (see e.g., [23,7,6,36,71]). A natural exten-
sion is to investigate the use of bell-shaped positive-definite RBFs, such as
the Gaussian and Matérn class functions, in the second step of the gRBF-
FD framework. Second, a theoretical justification is lacking for the stability
of gRBF-FD, although we observed numerical stability for the nearly diago-
nally dominant Laplacian matrices. Third, we realized that the specification
of the 1/K weight function is important for the stability of Laplacian-type
operators for randomly sampled point cloud data. A promising direction is
to investigate weight function selection for gRBF-FD to solve other types of
PDEs on manifolds with boundaries, extending the Euclidean-space results
of [7]. This includes tackling equations such as the advection equation, along
with handling derivative boundary conditions like Neumann and Robin types.
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A Proof of reproduction properties

Proof of Lemma 1. For the first property (1) of Lemma 1, we use the normalized poly-

nomial basis functions for the GMLS regression of an arbitrary p =
∑m

j=1 b̃jpα(j)

(
θ̃ (x)

)
∈
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Pl,d
x0

,
K∑

k=1

uk,∆(x)p(x0,k) = ∆MIppx0 (x) = ∆M p̃ (x)
(
P̃⊤ΛP̃

)−1
P̃⊤Λpx0 ,

where p̃ (x) =
(
pα(1)(θ̃ (x)), . . . , pα(m)(θ̃ (x))

)
∈ R1×m, px0 =

(
p (x0,1) , . . . , p(x0,K)

)⊤ ∈

RK×1 and others are defined in (34). Here we notice that px0 = P̃ b̃ with b̃ = (b̃1, . . . , b̃m)⊤ ∈
Rm×1. Then we arrive at

K∑
k=1

uk,∆(x)p(x0,k) = ∆M p̃ (x) b̃ = ∆Mp(x).

For the second property (2) of Lemma 1, we observe that

(u1,∆ (x) , . . . , uK,∆ (x)) = ∆M p̃ (x)
(
P̃⊤ΛP̃

)−1
P̃⊤Λ

=
1

D2
K,max

∆θ̃p̃ (x)
(
P̃⊤ΛP̃

)−1
P̃⊤Λ,

where ∆θ̃ is the Laplace-Beltrami operator with respect to the normalized Monge coor-

dinates. We notice that all above quantities ∆θ̃p̃ (x) and P̃ are of O(1), where the con-
stant in the big-oh is independent of the stencil diameter DK,max. Hence, we arrive at∑K

k=1

∣∣uk,∆(x)
∣∣ ≤ C1D

−2
K,max for some constant C1 as desired. The proof is complete.

(a) C3 for different δ (b) C4 for different δ
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Fig. 13 1D ellipse in R2 and 2D red blood cell (RBC) in R3 using random data.

Shown are (a) the maximum of
∥∥∆θ̃ϕ̃ (x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1 ∥∥
1
vs. δ and (b) the maximum

of
∥∥∆θ̃ϕ̃ (x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ

∥∥
1
vs. δ for ellipse (blue lines) and RBC (green lines).

Here, given a fixed base point x0, the maximum is taken on its K-nearest neighbors (dashed
lines) and the maximum is computed from the resamplings of 200 new points in the local
stencil (solid lines). We fix K0 = 30, N = 1600 for ellipse and K0 = 40,N = 6400 for RBC.
The polynomial degree l = 4 and the PHS parameter κ = 3.

Partial proof and numerical verification of Lemma 3. The proof for the lemma is
closely related to the norm estimates of inverses of interpolation matrices for RBFs (see e.g.,
[52,4,53,59,60]). Here, we use the weighted ridge regression (36) to compute the inverse for
random data. We only prove the partial results and leave the remaining by numerical verifi-
cation. For the first property (1), we use the normalized PHS functions for the interpolation
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of an arbitrary φ =
∑K

k=1 c̃kϕ̃k ∈ Span{ϕ̃1, . . . , ϕ̃K},∣∣∆Mφ(x)−∆MIϕφx0 (x)
∣∣ = ∣∣∆M ϕ̃ (x) c̃−∆M ϕ̃ (x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤ΛΦ̃c̃

∣∣
=
∣∣∆M ϕ̃ (x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1 (
Φ̃⊤ΛΦ̃+ δ2I

)
c̃−∆M ϕ̃ (x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤ΛΦ̃c̃

∣∣
= δ2

∣∣∆M ϕ̃ (x)
(
Φ̃⊤ΛΦ̃+ δ2I

)−1
c̃
∣∣ = δ2D−2

K,max

∣∣∆θ̃ϕ̃ (x)
(
Φ̃⊤ΛΦ̃+ δ2I

)−1
c̃
∣∣,

where ϕ̃ (x) =
(
ϕ̃1 (x) , . . . , ϕ̃K (x)

)
∈ R1×K , c̃ = (c̃1, . . . , c̃K)⊤ ∈ RK×1, and other

quantites can be found in (34). Here, in the last equality, the Laplacian derivative is

changed from the unnormalized θ to the normalized θ̃. Hence we arrive at the result,∣∣∆Mφ(x)−∆MIϕφx0 (x)
∣∣ ≤ C3δ2D

−2
K,max max1≤k≤K |c̃k|. In Fig. 13(a), it can be seen

that C3 = maxx∈Sx0

∥∥∆θ̃ϕ̃ (x)
(
Φ̃⊤ΛΦ̃+ δ2I

)−1 ∥∥
1
is between O(δ−1) and O(δ−3/2). Con-

sequently, we have
∣∣∆Mφ(x)−∆MIϕφx0 (x)

∣∣ = O(δ1/2D−2
K,max) .

For the second property (2), we have that

(v1,∆(x), . . . , vK,∆(x)) = ∆M ϕ̃(x)
(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ

= D−2
K,max ∆θ̃ϕ̃(x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ.

Let Λ1/2Φ̃Λ1/2 = UΣU⊤ be diagonalization of the symmetric matrix Λ1/2Φ̃Λ1/2, where
U is orthonormal and Σ = diag (σ1, . . . , σK) is diagonal possibly with negative eigenvalues.
Then(

Φ̃⊤ΛΦ̃+ δ2I
)−1

Φ̃⊤Λ = Λ1/2
(
Λ1/2Φ̃⊤Λ1/2Λ1/2Φ̃Λ1/2 + δ2Λ

)−1
Λ1/2Φ̃⊤Λ1/2Λ1/2

= Λ1/2
(
UΣ2U⊤ + δ2Λ

)−1
UΣU⊤Λ1/2

= Λ1/2U
(
Σ2 + δ2U⊤ΛU

)−1
ΣU⊤Λ1/2.

We now bound the 2-norm of the above matrix,

∥
(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ∥2 ≤ ∥Λ1/2∥2∥U∥2∥

(
Σ2 + δ2U⊤ΛU

)−1
Σ∥2∥U⊤∥2∥Λ1/2∥2

=

√
λmax

((
Σ2 + δ2U⊤ΛU

)−1
Σ2
(
Σ2 + δ2U⊤ΛU

)−1
)

=

√
λmax

(
|Σ|

(
Σ2 + δ2U⊤ΛU

)−2 |Σ|
)

≤
√

λmax

(
|Σ| (Σ2 + δ2/KI)−2 |Σ|

)
= max

1≤i≤K

|σi|
σ2
i + δ2/K

≤
√
K

2δ
,

where we have used the fact that Σ2 + δ2U⊤ΛU ⪰ Σ2 + δ2/KI. Then we obtain that

K∑
k=1

∣∣vk,∆(x)
∣∣ = D−2

K,max∥∆θ̃ϕ̃ (x)
(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ∥1

≤ D−2
K,max

√
K∥∆θ̃ϕ̃ (x)

(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ∥2 ≤ C4D

−2
K,max,

for some C4 = O(1/δ), where Cauchy-Schwarz inequality has been used for the first inequal-
ity. However, the above bound for C4 is not sharp with respect to δ. As can be seen from Fig.

13(b), the maximum, C4 = maxx∈Sx0

∥∥∆θ̃ϕ̃ (x)
(
Φ̃⊤ΛΦ̃+ δ2I

)−1
Φ̃⊤Λ

∥∥
1
, is only around

O(δ−1/3). Numerically, we have
∑K

k=1

∣∣vk,∆(x)
∣∣ = O(δ−1/3D−2

K,max) .
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B Probabilistic stencil size result

To obtain the probabilistic stencil size result, we need the following result from [15]:

Lemma 5 (Proposition 14 in [15]) Let Bδ(x) denote a geodesic ball of radius δ around a
point x ∈ M . For a sufficiently small δ < ι(M)/2 with ι(M) the injectivity radius of M , we
have

Vol(Bδ(x)) ≥ Cdδ
d,

where Cd is a constant depending only on the dimension d of the manifold.

Proof of Lemma 4. Let Bδ(x0) denote a geodesic ball of radius δ around the base
point x0 ∈ XM ⊂ M . Let Bc

δ(x0) = M\Bδ(x0) be the complement of Bδ(x0). For a point
x0 ∈ XM sampled from M with a density q(x), it holds that

PXM∼Q (x0 ∈ XM ∩Bc
δ(x0)) = 1−

∫
Bδ(x0)

q(x)dV (x).

Let dg(x0,k,x0) be the geodesic distance from x0,k to the base x0 for k = 1, . . . ,K. For
small δ, we can arrive at

PXM∼Q

(
max

k∈{1,...,K}
dg(x0,k,x0) > δ

)
= P(there are at least N −K points of XM in Bc

δ(x0))

≤ P
(
x0,K+1 ∈ Bc

δ , . . . ,x0,N ∈ Bc
δ

)
=

(
1−

∫
Bδ(x0)

q(x) dV (x)

)N−K

.

where x0,K+1, . . . ,x0,N are the N −K points out of the stencil Sx0 . Using the assumption
q ≥ qmin and Lemma 5 from [15], we obtain that

PXM∼Q( max
k∈{1,...,K}

dg(x0,k,x0) > δ) ≤ (1− qminVol(Bδ(x0)))
N−K ≤

(
1− qminCdδ

d
)N−K

≤ exp(−qminCd(N −K)δd),

where Cd is a constant depending on the dimension d. Using the fact that
∥∥θ (x0,k

)
− θ (x0)

∥∥ ≤
dg(x0,k,x0), we arrive at

PXM∼Q(RK,max (x0) > δ) ≤ exp(−qminCd(N −K)δd).

Moreover, taking exp(−qminCd(N −K)δd) = 1
N
, we obtain that

δ =

(
logN

qminCd(N −K)

) 1
d

= O

((
logN

N

) 1
d

)
.

Since RK,max(x0) ≤ DK,max(x0) ≤ CKRK,max(x0), we arrive at

RK,max (x0) ≤ δ = O

((
logN

N

) 1
d

)
, DK,max ≤ CKδ = O

((
logN

N

) 1
d

)
,

with probability higher than 1− 1
N
.

Subsequently, we compute the expectation and the standard deviation of DK,max(x0).
Let p0(z) be the density function of the random variable Z := DK,max(x0). Let amax be
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the diameter of the manifold M , that is, amax = maxx,y∈M ∥x− y∥. Then, the expectation
can be bounded by

EDK,max(x0) =

∫ amax

0
zp0(z)dz =

∫ CKδ

0
zp0(z)dz +

∫ amax

CKδ
zp0(z)dz

≤ CKδ + amaxPXM∼Q(DK,max(x0) > CKδ)

≤ CKδ + amax exp(−qminCd(N −K)δd).

Taking δ =
(

logN
dqminCd(N−K)

)1/d
, then the expectation becomes

EDK,max(x0) ≤ CK

(
logN

dqminCd(N −K)

) 1
d

+ amaxN
− 1

d = O

((
logN

N

) 1
d

)
.

The standard deviation can be calculated similarly,

σ
(
DK,max(xi)

)
≤
(
ED2

K,max(x0)
)1/2

≤
[
C2

Kδ2 + a2max exp(−qminCd(N −K)δd)
]1/2

.

Taking here δ =
(

2 logN
dqminCd(N−K)

)1/d
, then the standard deviation becomes

σ
(
DK,max(xi)

)
≤
[
C2

K

(
2 logN

dqminCd(N −K)

) 2
d

+ a2maxN
− 2

d

]1/2
= O

((
logN

N

) 1
d

)
.

The proof is complete.
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