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Equality constrained minimization



Equality constrained minimization

equality constrained minimization problem
minimize f(z)

subject to Axr=1b>

> f convex and twice continuously differentiable
> A e RPX"™ with rank A = p

» assume optimal value p* is finite and attained

optimality condition (review)

¥ € dom f, Ax* =0b,
there exists v* such that Vf(z*) + ATv* =0

*

x* is optimal =



equality constrained quadratic minimization (with P € S})

minimize (1/2)a" Pz 4 q"x 4 r
subject to Ax =1b

optimality condition

v

AR

A 0] |V b

this set of linear equations is called the KKT system

coefficient matrix is called KKT matrix

When the KKT matrix is nonsingular, there is a unique optimal primal-dual pair
(x*,v%)

If the KKT matrix is singular, but the KKT system is solvable, any solution yield
an optimal pair

If the KKT system is not solvable, the problem is unbounded below or infeasible



Nonsingularity of the KKT matrix

we assume that P € S} and rank A = p < n. The following shows several conditions
equivalent to nonsingularity of the KKT matrix:

> N(P)NN(A) ={0}, i.e., P and A have no nontrivial common nullspace
» KKT matrix is nonsingular if and only if

Az =0, z#0 — TPz >0
> equivalent condition for nonsingularity

P+ ATQA =0 for some Q >0



Eliminating equality constraints



Eliminating equality constraints

represent solutions of {z | Az = b} as
{z| Az =b} ={Fz+2|zeR" P}
> Z is any particular solution
> range of F' € R™("=P) js nullspace of A
reduced or eliminated problem
minimize f(Fz+ 1)

» unconstrained problem with variable z € R™P

» from solution z*, obtain z* and v* as

v =F+d, v =—(AAT) AV @)



example optimal allocation with resource constraint

minimize fi(xy) + - 4 fulzn)
subject to r1++ Ty =0

eliminate z,, = b —x1 — - -+ — 2,1, namely, choose

i=be,, F= [—iT} c RX(n=1)

reduced problem

minimize filz)) ++ fo1(@n—1) + folb—21 — - — 1)



Solving equality constrained problems via the dual



the dual function is
g(w) = =b'v — f*(=ATv),
where f* is the conjugate of f
the dual problem is
maximize — by — f*(—ATv)
there is an optimal point, the problem is strictly feasible, Slater’s condition holds

strong duality holds, and there exists a v* with

once we find an optimal dual variable *, we reconstruct an optimal primal
solution x* from it. (This is not always straightforward)



example Equality constrained analytic center.

minimize flz)=— Zlog:ﬂi
i=1
subject to Ax =b
with implicit constraint = > 0.

the dual problem is

maximize g(v) = —blv 4+ n+ Z log(ATv);,
i=1

with implicit constraint ATy = 0

we can solve the dual feasibility equation, i.e., find the x that minimize L(x,v):
Vi) + ATy = —(1/z1,...,1/z,) + ATv =0,

and so z; = 1/(ATv);.



Newton's method with equality constraints



Newton step

Newton step Axzy: of f at feasible x is given by the solution v of

IR
interpretations

» Auxy solves second order approximation (with variable v)

minimize A(m+v) = f(x) + V(@) v+ 1/20T V2 f(z)v
subject to A(x+v)=b

» Az, equations follow from linearizing optimality conditions

Vix+v)+ATw~ Vf(z)+ Vif(x)v+ ATw =0, Az +v)=1b



Newton decrement

1/2

AMz) = (A$§V2f(x)Axnt) = (—Vf(m)TAmnt)l/Q

interpretations

~

> gives an estimate of f(x) — p* using quadratic approximation f
f(a) = inf fly) = (1/2)A@)’,
y=b

and also A\(z) is a good stopping criterion

» directional derivative in Newton direction

gf (x 4+ tAzy) = —\(z)?
dt t=0

» in general A\(x) # (Vf(as)TVQJ“"(:U)_IVf(az))1/2

Affine invariance the Newton step and decrement for equality constrained
optimization are affine invariant.



Newton's method with equality constraints

given starting point z € dom f with Az = b, tolerance ¢ > 0

repeat

1. Compute the Newton step and decrement Az, A(z)

2. Stopping criterion. quit if \2/2 < ¢

3. Line search. Choose step size t by backtracking line search
4. Update. = x + tAxy

> feasible descent method: z(¥) feasible and f (x(k+1)) < f (x(k))

» affine invariant



Newton's method and elimination

Newton’s method for reduced problem

minimize f(z) = f(Fz + %)

> 2 € R™ P are variables, & satisfies AZ = b, range of F' is the nullspace of A

> Newton's method for f starts at z(?), generates iterates z(¥)

relation to Newton’s method with equality constraints
when starting at 20 = 200 I, iterates are
o) = F0) 4 3

hence no separate convergence analysis is needed



Infeasible start Newton method



Newton step at infeasible points

Newton step Az, of f at infeasible z is given by the solution of

kil e

interpretation

» Auxy equations follow from linearizing optimality conditions

Vix+v)+ATw =~ Vf(x)+ Vif(z)v + ATw =0, Alx +v)=1b



primal-dual interpretation

» write optimality condition as 7(y) = 0 where
y = (z,v), r(y) = (Vf(m) + ATy, Az — b)
» linearizing r(y) = 0 gives
r(y + Ay) = r(y) + Dr(y)Ay =0
which is equivalent to

N o R

same as the above equation with w = v + Ay



Infeasible start Newton method

given starting point = € dom f, v, tolerance ¢ > 0, « € (0,1/2), 8 € (0,1)
repeat

1. Compute primal and dual Newton steps Axni, Avpg
2. Backtracking line search on ||r||2. t == 1.

while ||r(z + tAzy, v + tAvn) |2 > (1 — at)||r(z, v)||2, t = ft
3. Update. v := x + tAxy, v = v + tAvy

until Az =b and |r(z,v)|2 <€




not a descent method: f (z**1) > f (z(®) is possible
directional derivative of ||r(y)||2 in direction Ay = (Azpg, Avy) is

d

—lr(y+tAy)llz| = —lr@l

dt t=0
If a step length of ¢ = 1 is taken using the Newton step Az, the following iterate
will be feasible.

If dom f = R, then initializaing the feasible Newton method simply requires
computing a solution to Az = b, and there is no particular advantage, other than
convenience, in using the infeasible start Newton method

the disadvantage of using the infeasible start Newton method to initialize problems
for which a strictly feasible starting point is not known, is that there is no clear
way to detect that there exists no strictly feasible point; the norm of the residual
will simply converge, slowly, to some positive value. (Phase | method, in contrast,
can determine this fact unambiguously.) In addition, the convergence of the
infeasible start Newton method, before feasibility is achieved, can be slow.



infeasible start Newton method with equality constraints
n =100, m = 50

the problem is feasible and bounded below
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Figure 10.2 Step length versus iteration number for the same example prob-
A full step is taken in iteration 8, which results in feasibility from

iteration number
Figure 10.1 Progress of infeasible start Newton method on an equality con-
strained analytic centering problem with 100 variables and 50 constraints. lem.
The figure shows ||rp.i||2 (solid line), and ||7quai|2 (dashed line). Note that iteration 8 omn.
is achieved (and maintained) after 8 iterations, and convergence

feasibility is
is quadratic, starting from iteration 9 or so.




infeasible start Newton method with equality constraints
the problem is infeasible

n =100, m = 50
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Figure 10.3 Progress of infeasible start Newton method on an equality con-
strained analytic centering problem with 100 variables and 50 constraints,
for which dom f = R} does not intersect {z | Az = b}. The figure shows
||[7prill2 (solid line), and ||raua||2 (dashed line). In this case, the residuals do
not converge to zero.

Figure 10.4 Step length versus iteration number for the infeasible example
problem. No full steps are taken, and the step lengths converge to zero.



Implementation



Solving KKT systems

IHE

solution methods

» LDLT factorization

» elimination with nonsingular H
AH'ATw=h—-AH'g, Hv=—(9+ ATw)
» elimination with singular H first write as

H+ ATQA AT] [v]  J[g+ ATQh
A 0| w] h

with @ > 0 for which H + ATQA > 0, then apply elimination



Equality constrained analytic centering

primal problem

n
minimize — Zlogmi
i=1
subject to Az =0

dual problem

n
maximize —bTv+ Z log(ATv); +n
i=1

three methods for an example with A € R100%500 " different starting points



Newton method with equality constraints requires z(9) = 0 and Az =p
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Newton method applied to dual problem requires AT(0 » 0
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infeasible start

Ir(z®), v ®)]l2

Newton method requires (9 = 0
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dominant steps of three methods

1. use block elimination to solve KKT system

{diagf(lx)z zﬂ {wa] _ [diag(ox)ll]

reduces to solving
Adiag(z)?ATw = b

2. solve Newton system
Adiag (A"v) 2 ATAv = —b + Adiag (ATv) "1
3. use block elimination to solve KKT system

diag(z)~2 AT] [Az] [diag(z)~'1 - ATv
A 0| |Av| b— Az

reduces to solving
Adiag(z)?ATw = 24z — b



comparison of complexity per iteration

» in each case, solve
ADATw =h
with D positive diagonal

> complexity per iteration of three methods is identical



Network flow optimization

minimize Z oi(x;)
i=1
subject to Axr=b>

» directed (connected) graph with n arcs and p + 1 nodes
» z; is flow through arc i

> ¢; is cost flow function for arc ¢ (with ¢ (z) > 0)

» Ais (reduced) node-arc incidence matrix

>

b € RP is (reduced) source vector



KKT system

H AT [v] g
A 0| |w|l  |h
» H = diag(¢(z1),..., ¢ (x,)) with positive diagonal
» solve via elimination
AH'ATw=h—-AH g, Hv=—(9+ ATw)

sparsity pattern of coefficient matrix is given by graph connectivity

(AHT'AT);#0 = (447); #0
— nodes 7 and j are connected by an arc



Analytic center of linear matrix inequality

minimize —logdet X
subject to tr(4;X) =0, i=1,...,p

where X € S™ is the variable, 4; € S™, b; ¢ R

optimality conditions

X =0,  —(X)7'+) vAi=0,  tr(AXY)=b, i=1,...



Newton equation at feasible X
P
XTIAXX T+ wjdi =X, tr(4AX) =0,
j=1
» follows from linear approximation
(X+AX) e Xx - XxtAxXx!

» n(n+1)/2 + p variables in AX and w



solution by block elimination

» compute AX from first equation

p
AX =X =) wXA;X
j=1

» substitute AX in second equation
P
Z r(A; XA; X)w; = b, i=1,...,p

a (dense) positive definite set of linear equations with variable w € R?



flop count (dominant terms) using Cholesky factorization X = LLT
» form p products LT A;L: (3/2)pn?
» form p(p +1)/2 inner products tr((LT A;L) (LT A;L)): (1/2)p*n?
> solve for w; via Cholesky factorization: (1/3)p?
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